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TABLE OF IlfTKGEALS. 

L FtnniAMIlHTAL FORMa 

J"«/(«)4« = <.J/(r<)<t«. 
/f = ...«. 

I x''dx = — VT' ■when m is difEerent from — 1, 

I a'\ogadx=^ a". 

/ dx 

9. I — 7 -- . ■ - = see-'a;, or — CBC-'x. 

.0. I ,— = = vera ID 'a;, or — coverain 

'^ ■^2x-x' 



= ta,ji~'x, or — ctn~' 



= sin-'a;, or ~ cos-' 
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4 FUNDAMEl^TAL FORMS. 

11. Ccoaxdx^sinx, or — eorersin «. 

12. I sin xdx = — coa x, or versin x. 

13. j ctnajda; = log sina;. 

14. Ttan xdx= — log coa x. 

15. ( tajixseexdx = secx. ' 

16. i sec,'xdx = taiix. 

17. [ csc'xdx = — etna;. 

In the following formulas, u, v, w, and y represent any 
functions of x: 

18. C{v. + v + w + ^tc.)dx= Cudx+ Cvdx-\- Cwdx + &tc. 
19o. Cudv = uv— Cvdu. 

.,../.|..=„-//^^. 
.0. J/«^=JM*. 
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EATIONAL ALGEBRAIC FUSCTIONS. 5 

n. RATIONAI, ALGEBRAIC FUKCTIOKa 

A, — ExpKEssiONs Involving- (a + bx). 

The substitution ot y or z for x, where y ~ a + bz, 
= (a + bx) / X, gives 

J {a + bxydx = iflTdy. 

fx {a + bx)-dx = IJy" (2/ - a) dy. 

r x'^dx _ J_ r (.y-'^Tdy _ 
J {(t + bxY b''+'J y^ 

J x''{a + bx)'" a^+'-'J *■" 

Whence 

r dx 1 

28 r__^ i 
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6 RATIONAL ALGEBRAIC FUNCTIONS. 

r xdx __i_r_ 1 , a "I 

J (« + fce)'~fi"L a + S* 2(o + to)'J' 

Sa.J^J^-irj-Co + fay-asCa + Jaij + anogCa + ia:)!- 
„, /• rfa; 1 1 , n+fia; 

- m (™6' - »'6) f (« + Sa;)" (a' + t'a;)'"-' </« j ■ 

/• (.. + fa)- ^» _ 1 / (. + }»)■*■ 

"■J (<.' + S'«)- (»>-l)(aJ'-(.'4)V(«' + »'«)"-' 

1 <' (g + fa)- 

(m-«-l)J'V(«' + y«)— 

(»-l)4\(»' + i'«)— ■ J (a' + 6'a!)— V ■ 

D,i„.db, Google 



RATIONAL AliQEBRAIG FUNCTIONS 7 

r dx _ 1 g' + h'x 

J {a+bx){a' + ^xj~ ab'-a'b^ a+hx' 
40 C <^ 

(w - 1) («S' - o«) V(« + fa)-' («' + J'l)— ' 

41 r ?^?^5 

■J {• + ii)(a' + J'ai) 

= itf^ (f '°B (» + fa) - ^ loe («■ + »'"'))■ 

42. r ^ 

J (« + fa)'(<i' + b'x) 

1 (^ 1 }' »' + y» \ 

a6'-<t'i\a + fa"*'aA'-a'6 B a + fa:/ 

/* xdx 

J (• + &)■(»' + *■«) 

-<■ <■' , »' + i'x 

i (ofi' - a'S) (o + fa) (oi' - a'bf ^ a + bx 

r ^ic ^ 

"• J (o + fa)' (a' + b'x) W (oy - a'J) (a + fa) 

48. J(« + fa)i&, - ^^_^^^ (« + bxf^. 
46. /— ^ = T-^TTT (• + bxp". 
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8 RATIONAL ALGEBRAIC FUNCTIONS. •, 

B. — ExPKESsioMS Involvihq (a + bx"). 

._ /• da: 1. ,x 
47. I -^^-j — -, = -tan-' — 

._ C_dx_ 1 , c + x 

60. r^^^^Ulog ^ + "^ , if a>0, b<0. 

J (a + iar")' 2a(a + 6a;")"^2aJ a + feB^ 

r dx __ _1 X 2m — 1 /• tfa; 

* ■ J (a + &r')'"+' ~ 2ma (» + hx^ 2m« J (a + feB^" 

f' J!rf» 1 /• rfa , , 

5*' I 1 — , , j,„^i = 7i I :^ — , , .„ . i ' where.* = of. 

J {a + bx^y«** 'ZJ (a + 62)-"+' 

^^•J x(. + ^x^ ^2^^"g^Tto'- 

J a + 6a:"~6 6 J a + by?' 
r dx _ _1 b /* ito 

/* ic'ffo! — a: 1. ^ j" ''^ 

J (a, + to')"' + '"~2wS((i + i3!»)™ 2^J (a + hx^'"' 

r dx ^ 1 r dx _ h r dx 
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RATIONAL ALGBBIIAIC FUNCTIONS. 
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10 RATIONAL ALGEBBAIC FUNCTIONS. 

C. — ExpBEssiOKS Involving (a + bx + ex*). 
Let Jr= <i + bx + C3^ and j = 4 ac — 6*, then 

67. f$ = ^tan-»^^^,wheiij>0. 

68. I -?7 = , — ■■ log T=i<wlieiio<0. 

71 r dx ^ 2cx + b 2(2n-l)c rdx 
'J X"^'- nqX^ "^ qn J X" 

_^ rxdx 1 , „ b rdx 

r xdx ^ 2a + bx b(2n-l) rdx^ 
'J jC"*' nrfX' nq J X" 

r x^dx 3:"*^' n — w + 1 S r af^^f&c 

Jx"+'~ (2»t-m + l)c^" 2w-m + l"cJ X" + ' 
wt-1 a r x-'-^dx 

"•"Zn-m + l 'fiJ 2"" + ' 
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RATIONAL ALGEBKAIC FUNCTIONS. 11 

•/ afji A a X ax \ J a aj J X 

J i-JT"" (m-l)i.j!— i^' m-1 <jj «— 'X-*' 



2W + W-1 £ C __dx__ 
m-1 'aj ^''-aj:-*'' 

81. J'x-fe = a„„'^ / (> + 2c:t)X- + .}J'j— .i»\ 

g„ C ix ^ 1 S_ f^ 1 f ifa 

J xX" 2a(«-l)X"-» 2aJ X''''aJ 3;X—' 

'^■/(;iM^= 2K-^l'+--o) (''<'°g("'+'''')' 

-logX) + (2»'.-5»')/f)- 
S4./(„. + ..,X.^ = ,|^„ + ?i!^/x.^. 

"•J X- =-2(.-l).X— + 2. Jx=' 

86. /(«■ + 6'«)-X-<i«, = ^„^/„^^^ (*'(«' + *■":)— ^■*' 
+ («. + »)(2 a'e - ») J'(<.' + i'l)— 'X- <ij: 
- (o> - l)(<i*" - oW + co/C"' + »'«)— 'X'ifaY 
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12 EATIONAL ALGEBRAIC FUNCTIONS. 

Y (»'+y»)-<fa _ 1 At + 2 ».)(<.' +yri,r 

"J X- f(»~l)V -r— 

+ ^(2..o-i.^/ <°'+j'gr''^ ) 

1 A' (a' + yj;)— 

(m-2n + l)<,V -!;—' 

+(„-»,(2„v-»,/fe:±i|p^ 

_ 1 / -yx' 

1 / +yx- 



!a-i)y'V(«'+y«)— ' 
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EATIONAL ALGEBRAIC FCNCTI0N8. 13 

89 f ^ 

J (a' + b'xfX' 

= 1 ( '- 

(m -1) (aS" - aW + ca"^ \{a' + 6':c)— 'X"-' 

= i f »^ 

2 {ab" - a'bb' + ca") \{n - 1) {a' + 4'a:)"-'A'"-' 

(ro + 2«-3)t' r <<i \ 

"*■ » + l J (a' + fi':c)"jr"-»/ 

If oS^ - aW + ca" = 0, 

J dx 
{d'+h'xyx- 



(». + «- 1) (»' - 2 oV) V(o' + fx)-X—' 



I>. — Rational Fbactiokb. 
Every proper fraction can be represented by the general 
form: 

f{x) ^ gij:"-' + gag"-' + g^'^^ + • • ■ + J?- 
F(x) a?* + M"~' + k^'-'' + ■ • • + ifc. 

It a, S, c, etc., ate the roots of the equation F(x) = 0, ao 
that 

F{7i) = {x-ay(x-by(x-cr--; 
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RATIONAL ALGEBRAIC FDNCTIONS. 






(a: - bf (x-by-' (a: - 6)'-» » - 6 

(it-e)' (»-e)'-' (»-»)— j,-e 

+ ■ • ■ • ■ ■ • • •, 

where the numerators of the separate fractions may be deter- 
mined by the equations 



^.= 




-=f: 


^ etc., etc. 






•*,w = 




^' *,(^): 




etc.. 


,etc. 


If <., i, 


c, etc., are 


single roots, 


then p = q = ^ 


r = - 


..= 


and 














/a. 


=^ + - 


^-^■■• 






where 


A-- 




= l^.e.. 







The simpler fractions, into which the original fraction is 
thus divided, may be integrated by means of the formulas : 



"^■J (rax + n)' J m(mx + ny v, (1 - I) (_m^ + n)'- 
and J — - = - log (ntx + n). 
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RATIONAL ALGEBRAIC FUNCTIONS. 15 

If any of the roots of the equation f(x) = are imaginary, 
tlie parts of the integral which arise from conjugate roots 
can be combined and the integral brought into a real form. 
The following formula, in which i=V— 1, is often useful in 
combining logarithms of conjugate complex quantities : 

log (x±yi)=i! log (3? + 2/') ± i tan-' |- 

The identities given below are sometimes convenient : 

1 _ 1 r b b' 1 

(a + bx^ia' + b'x^ ~ a'b - ab'' L« + ix" a.' + b'x*\' 

m + 71X _ 1 



(A + lx){a + bx + ex^) aP + cA' - bkl 

V l(ml - nk) c(nk - ml)x + {aln + ckm - blm.) ~\ ^ 
\_ k-^lx a-\-bx + cx^ J ' 

l + rnx' ^ 1 f bl - am a'm - b'l l 

(a + bx")(a' + b'x'') ~~ a'b-ab'' \_a + bx' '*' a' + b'x" ]' 
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IRRATIONAL ALGEBRAIC PCNCTIONS. 



m. IRRATIOKAI. ALGEBRAIC FONCTIOira. 



A. — ExPKESsioNS Involving Va + bx. 



Th e subs titution of a new vai'iable of integration, 
J/ = ■\a + bx, gives 



j'-^a + bxdx = g-T V(a. + bxy. 



/.v^^^- ^<^'-^g/(°^'-)- . 



J 105 ii' 



f Va + fee , „ . , , , r ^ 

I rfie = 2'^a + bx + a I , • 

'f 'i 'f xVa + bx 

f dx _ 2Vffl + bx 

. = — ^^ TTTi ^ v a + ice. 

I — — = — ^logl - ■ _ . ■■■ -^ ], for a>0. 

-* X Va + 6a! Va \Va + &c + Va/ 

I — , = — : tan 'V > for a < 0. 

J xy/a + bx V^ V -a 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 

/* dx _ _ Va + bx b_ r dx 

' ^ oi'Va + bx ^ ^«*' xVtt+lx 

r x'^dx _ 2x^^a + !/ x _ 2 ma r x'"-'dx_ 
' J V; + fa~ (2m + l)6 (2m + l)4J vJ+fa 

01 f US' _ VM^ (2»-3)i /• 

Ji-VJ+fa (n-l)aa,-' (2»-2)<.J ;,.-.■ 



+to 



,06. j(i±M^ . j/(. + s:,;-i--i, + <./fe±M ■ ■ ,,. 

/(£c 1 r (fe b r dx 
S = - I ;^^~«J ~ " ' 

.07. //(., ^y^+i.)^ = ^//(5l^, .) ."-><fe, 
where z" = a + 6a;. 

8. J'/(a!, (« + fa)-, (o + Ja:)', •■•)*« 

where y" = a + bx, and s is the least common multiple of n, 
q, etc. 
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18 IRRATIONAL ALGEBRAIC FUNCTIONS, 

B. — Expressions Involving Both 'Va + bx and Va' + b'x. 
Let u = a + bx, v = a' + b'x, and k = ab' — a'b, then 

110. I ■Wuvdx= . .., Vwj - ^-7; I — =■ 
J 4to' &bb'J Vwy 



111 










lis 




Viir ab' + a'b r dx 
»■ 2»' J Vi; 






113 




2 , _,V-S6'« 








= 


1 . ,266'x + a 
sin-' ^- 


6 + ai' 




IH 




1 ,^ V^~^/kb' 




V-A6 


115 




2v; 
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IRRATIONAL ALQEBRAIC FDNCTIOHS. 19 

""•/-■-'■^- (2^ + 2. + i)y (''^"'''"' 

+ (2n-l)iJ'»-«— )<&)■ 

'"•J (2»-l)4V 

- (2m~2w + 3)t' ri'"'w-<'-*>t£ej 

(8.-1) A 
+ mb'j'ir-'ur'^-i'dxj. 

+ (2«-l)iJ'«— '»--rf«) 

(«-i)yV 

+ (« - i)fi rM--Si^<"-"<feY 

123. /^-.-"..^ = ^^-i^(2,-<-.„-<-» 

+ (2ra + 2>! - 3)»'J'i^-K-<— »ia! ). 
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IBRATIOKAL ALGEBRAIC FUNCTIONS. 



C. — ExPKESSiONS* Involving "Var* ± a* and Va' — a?. 
.24. C^3?±a.^dx = \ [X Va;= ± a' ± a' log(3^ + Va^±a«)]. 

.25. j Va'-a;*iij: = if xVo.* — aii' + a'sin-'- V 

.26. f ^ '^ =log(;c + V^±7'). 

/(ix . ,x ,a: 

= sin~'-i or — COS"'-- 
Va" — x" a « 

,88. I ■ - ■ - = =^ - COS"' -I or - sec '-• 

J x^ii?-a* a X a a 

•^ x^a' ±x^ \ * / 

J dx = Va' i x' — a log • 

31. Ji^iEIiV = 



* — a COS"' - ■ 



,38. /^^=v^^:^. 

34. r^EVS^io^rfa; = i V(x' ± o.^\ 



-x'dx = -iV(^ 



e general equations given In tbe 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 




142. J'iV(«"±o')"^ = iV(i'±oy. 

143. J'l V(a" - i^'At =. - iV((." - xy. 

144. ra^'Vai" ± a'dx 

- 1 VCrc-ie-)' T f "iVi'i,.' - I* log (X + V^ST"). 

148. fa;' Va" - I'ifc 
J V(»'-"=l' + 1' (« V^^^ + •- Sin- 0- 

D,a,l,Z6:lbyGOOgle 



IBRATIONAL ALGEBEAIO FUNCTIONS. 
J if ~ Ix- "^iJwF^'' 



ISl 




i^ 


■-«•+ 






V 


i"±a' 




' 


«■« 


L63 


/• dx 

J xWa'-x- 


_ V 


a^x 




^v,:^ 


> 


Ix? ± o" 




» 


S5 


jy^-. 


■\ 


la'-xf 


te 


r !^dx 


_ 


X _j_, 


Vi' 


±a' 


67 


/■ x*dx 






v." 


-«■ 
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IBBATIONAL ALGEBRAIC FONCTIONS. 






D. — ExPBEsaiONS Involting Va 4- ta; + car*. 
Let X = a + ix + isc', g- = 4 ac — J*, and k = In order 



to rationalize the fuocti oa f(x, Va + bx + c^) we may put 
Va + fix + ca;' = V± c V-4 + Bx± x\ according aa c is posi- 
tive or negative, and then aubstitute for x a new variable s, 
such that 

IS = -^A + Bx + x' ± X, if c > 0. 

-^A+Bx-x^-Va .. ^„ , « ^„ 
« = ) if c < and > 0. 

» = -y _^ ' where a and j3 are the roots of the equation 
^ + Bx - a;» = 0, if o < and 3- < 0. 

By rationalization, or by the aid of reduction formulas, may 
be obtained the values of the following integrals : 

161. I —i^= - ;^ ^ 3in-'| , -liif e<0. 
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!4 IRRATIONAL AI-GBBRAIC FUNCTIONS. 

J X-^X q^X 

*• J j:"VZ~ (2«-i)2^'' "^ 2w-i Jx-'Vr' 
7. rjr'VZ(& 

^ (2ej; + &)VZ / dX ld\ 5 C dx 

12 c \ 4 A; 8^^/16 P J VY 

.68.JJ: VJ:^-V ^^^^i^^ +2(« + l)J vx 

/ a: (fa; _ Vz ;> /* rfa; 

/ xdx _ _ VX b_ r dx 

X-V^" (2n-l)eX" 2 J ^-VX* 

/'a;=rf3! /x 3b\ r^ ^ 3b^ -iae r dx 
'•^XVX cqVX eJ ^x 

U,j,.P:lbyGOOglC 



IRRATIONAL ALGEBRAIC FUNCTIONS. 26 

(2&'-4ac)a + 2g& 4gc + (2w- 3 )y /• rfj 
~(2n-l)cj^— 'VJ (2n-l)cj J X—'^/X 

~(^3o 12c' "'"8c" Sc'J "'"l^4e" 16e"JJv5: 

176. /« VX ^ = ^ - f J VX<fc- 

177. J:cJ'VJa, = 2^ - ^JxVxd^. 



/ xX'-dx _ X"VX _ _5_ rX"dx 
■JX ~(2« + l)« 2cJ 



VZ 



179. J «■ VZ i. = (^. - - j ^^f^ + -j^^^ J V3= ,j,. 

r 3^X"i/a! 3:X"VX (2re + 3)& /• .fX-'tfa: 
J VZ "2(« + l)o 4(« + l)J Vx 

ft r X"dx 

2(» + l)J Vx' 

182. r-i^=- ' l„g('i^l±2^+ ' ),if„>0. 
J xVx Vi \ » 2Vi/ 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 
83. I — y^^—p^am-U — , \> if a<0. 

r (^ 

■.' xX"Vx 



r dx _ _ l^x 

J x^/X~ I" 



85. 

Vx 1 r Sx b_ r <fa 

86 C '"- - '^ b r dx 

J X 8J VX •' j^VX 

r x'dx X' r x'^^dx b r x"-^dx 

' J xVx~ (2n-l)Vx "' xVx 2J VJ 

■J I- - X +2J x^Jx J Vx' 

r x'^dx 1 r x'^'^dx b r x^-'dx a r x^-'dx 
' J X-'VX^ "-f x-'-^Vx "-^ X»VX cj X'VX 

rx'»X"dx^ x-^-^X''VX (2n + 2m-l)b r x'^^X'-dx 
■J Vx (2» + m)c 2c(2» + >») J VX 

_ (m-l)<i rx —'X-dx 
(2» + m)J "" Vx 

■Jx-x-Vx ^ 

Vx (2n + 2m-S)br dx 

im-l-)ax—X- 2<.(m-l) J ^—x-VX 
_ (2» + m -2)c /- Ji 

(m-1). J x--X~Vx' 
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IBBATIONAL ALGEBRAIC FUNCTIONS. S 

Jrt-VJ" («-l)a!--'+ 2(,»-l)J^— .VT 

194. J'/(«, V(»-«)(a!-i))ife 

;. »('- , 

-1 J(.--l)- 



= ^(«-')//{tfeT'*^^-^^ 



where m' (a; —6) = a; ~ a. 

E. — Expressions Involving Psoducts_of Powebs of 

{a' + Ux) AND Va + 6ic + ca:^. 

Let X = a + fia; + ca;', u = a' + 6'a;, j = 4 ac - 6", 
,8 = ii' - 2 a'e, k = <ih'^- aW + m", tlien 

,^. C dx 1 , 2;k + i3w-25'VA^ 
196. I — 7= = — ^ log — ^= — 

__1 . _, 2k + ^v 



V- A 26'V-AX 

1 . _,2i + ^^ 



if Ap^O. 

V — /V t-tV — ^ 

196. r^= 

thus, r ' -^^ =-±V^- 

197 f <fa ^ yV^ ^ C rf»; 
IOC r <lx 2 6'VS 2e fdx 
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2b IKRATIOHAL ALGEBRAIC FUNCTIONS. 

189. r^i==|('-^-j^r^+s.r^Y 



203 f "^ _ ''^^ ff r .i. 

Jj--VT l2,-l)cX- .2cJx-vCf 

/'uj?^ _ 6'X"VJ _ ji_ r x~dx 
'^■J Vx ~(2«+l). 2 J Vx' 

205 f '''^ _ l>'^ (2m^3)l3 r dx 

-* t;-VX (i»-l)t»— ' 2(m-l)iJ „— iVJ 

2»'V5 



••/; 



•VJ (2m -I)/!).;- 



_2£. 






1);8J ,.-.Vr 



if i = 0. 



(•yfxdx VX^/X 



(2m-5)^ /- VJifa 
2(m-l)Aj *!"-' 



■J o- (m-ljfar-' 2(m-l)i 

(ot - 4) c r Vxdx 
(m-l)iJ ,-- 



IRRATIONAL ALGEBRAIC FUNCTIONS. 29 

i. fv"VXdx=- L--(6'i>"-'xVX 

- {m+ i)fij'v-'-'-VX dx- (m-l)kJ'v"'-''Vx dxj- 

1 { h'^fX , , ,^C ^ 
= --, TTT — .v. + ("' + ''~t)/^l ^ 

+ (™ + 2«-2). f ^-^=Y ifia^O. 

^ ' -' <r-'x-VxJ ^ 

1 r '^ _ -2 A'V^ 

■-'B-J--VJ (2». + 2«-l)/!V»-^- 

+ (™ + 2»-l)c f ^T=Y 114 = 0. 



211./^ 
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ntRATIONAl ALQEBBAIC FUNCTIONS. 



213. 
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MISCELLANEOUS ALGEBRAIC EXPRESSIONS. 31 



IV. MISCEliLAinX>tra AliGEBRUC BZFRESSIONa. 



214. JV2oi-s".ir = i2^V2<iai-a? + j8in- 
816. f , '''■ =Terem-'- = cos-'('l-S^ 

n J ^ 



"'•/: 



dx V2 n« — a:' 



'V2o»~a:' <.(l-2«)«" 

^(2»-l)«J ai— V2««-a? 



+ »^/.-.V2S^^.*,. 

V X- (3-2n)a:C 

"'■(2«-3)aJ I— 1 

,a,,J_^,A„„-.(-j). 
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32 HISCELLANBOCS ALGEBRAIC EXPRESSIONS. 

221. r_^^_ = -l-,og2^£zi£. 

•'(a + fa'jVJ 5S"V2l \ Vo + Si' / 
, C^dx 1 f^ , V2^ 



— log I ■ ■ ^ - — ■' ) \ , where iS* = a. 



r x*-dx ^ 2^ _ a r 



226 r '^^ _ ^ ^ 3 r dx _ 

227. r ^-^^ =.,^ ^r v;-^ , 

■^ (« + ia:y 2a(a + 6a^ 4<iJ (a + ia;') 

If a„ at, as, etc., are the roots of the equation 

Poaf+^ia^-' +PiX"-^ + ■ ■ ■ +/*„ = 0. 
the integrand in the expression 

•^ ij?^' + pix'~^ + ■ — + p^Va+Tx'+c^ 

Digilized by Google 



MISCELLANEOUS ALGEBRAIC BXl'KESSIONS. 



where m-<.n, may be expressed as the sum of a number of 



partial fractions of the form ^=' and these 

{x — ai^y^a + bx + cx'' 
can be integrated by the aid of equations given above. Thus, 



'•/: 



(px + q) dx 



{x -a')(x- 5')Vo + te + ca^ 

_ g + a'p r ^ 

a'-b'J (x- a') Va + fia; + ra' 



q +b'p 



'fz 



' (x-b') Va + &r + ca^ 

>.f "^^^ 

J (a' + c'a^^a + of 



V?(^ 



2V(.'(o'c!-«c') V«'(« + ra")- 



'■/^ 



+ c'x^V<t + <^= 



V»'(<.v 






, VTgTg^ 



2Vc'(a<:'-o'<!) " Ve'(i« + <a^+Vo< 
= «{<('o — ao') I /( -T-, — — T' « -TTi — ~-TT,' 



where a" (a' + J'jO = 
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34 MISCELLANEOUS ALGEBRAIC EXPRESSIONS. 

where z' = c+ Va + Sx. 

where y'(a' + b'x) = a + bx and s is the least common multi- 
ple of n, q, etc. 

23i.ff(x, Va + ia; + a;") (Zx 

where xs + Va = Va + te + 1*. 

236. /"/(a!, Va + ia; + a;^) da; 

- fY "'-'^ m'- iw + a \ 2(&it - a - «°)(Zm 
J■''^^J-2M' 2«-i / (b-2uy ' 

where u = Va + 6a; + a;^ — a;. 
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TRANSCENDENTAL FUNCTIONS. 
V. TRAHSCIINDIINTAL FUNCnON& 

236. I sin x ■/(eos x)dx = — i /(cos a;) d cos x. 

237. Ceosx-f(siax)dx= [/(sin a;) tf sin a;. 

238. I sin a; -/(sin a;, (ioax)dx = — i /( Vl — s*, «)(fe, 
where s = cos a;. 

239. fcos X ./(sin a;, cos x) dx =ff{^, Vl - z") rfs, 
where s = sin x. 



240. 



244. 



f/Csinar, C03x)<fct = /"/(s, Vl-^-^;s=8i 
..//(sin.)^=-//(cos(|-.)).f(f-x). 
I. J/(tan a.) <^a: = - J/ctn (l - re) rf(^ - a;)- 

:.ff(seGx)dx = - J/csc(| - a:)<;(^| -a;)- 

/ sin a^ -/(sin'a:) i?j _ /*_ 
Vl-zir'sin^a; ~ -^ 2' 



Vl-,ir'sin^a; -^ 2 V(l - 2) (1 - ft'a) 
where s = sin' a;. 

„,, /*cosar./'('cos*a;)(/a; /* f(l~ii)dz , . , 

245. I — , -^ *■ -^ ^ = I -') ■* =. where » = sm'x. 
•^ Vl - k' sin' a; -^ 2Vz(l-A'«) 
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36 TKANSCBm>ENTAL FUNCTIONS. 



where s = siii^ 
247. 



r/(tan x)dx-- fj^r§ ' '^^^'^^ s = tan a;. 

248. Csec'*^x-f(ta.nx)dx^j'(\. + syf(z)ds; e = tr.QX. 

249. I /(sin x, cos x) dx 

= -//(cos(^.>s,„(|-.))<|-.)- 

//* A(x)dx , 
/(3r)sin-'a:.(/a; = sin-'a!-<t(a;) -J . _ ^ ' dx, 

where 0(a;) = r/(a;)(ir. 

//'A (x) dx 
f(x)t3.n--'xdx = tsxi-^x-<l.(x)-j ytff^' 

283. Cf(x)-ctn-^xdx^ctn-^xil>(: 

354. J/Ca;, cos a;) rfa; = -//(f " ^- ^in ^ j d 
where s = 77 — a;- 



*(^)+/Wf- 



/ sin a: '/(cob x) dx 1 f^f ^ ~ A |^ 



2S6. 

where k = a + 6 cos a;. 
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TRANSCENDENTAL FUNCTIONS. 67 

256. f/i^:, \ogx)dx = f/(e% «)«■ A where s = login. 

257, j V<logje)'^ ^ ff(^)d!t, where s = log x. 

268. Ja^VClog x)rfx = J'e<"-^')'/(«)<^«. 

269. (/(sinx, cos a;, tanar, etna:, secx, csGx)dx 

_ r J 2a l-g* 2s 1-a' 1 + a' 1 + s' N 
J-^^l+s'' 1 + 2"' 1-a"' 2« 'l-s'' 22 / 

dz , ^ X 

r— ; — :» where g = tan - ; 

=//(», vr^p, -^, ^, _J_, i) 
.fa . 

— I where s = sm a: ; 

T Tf where « = tan a; ; 

1+2* ' 

J-'V '^1-2*2 ViT^ V^/ 

— , I where « = sin'a: ; 

2 Va(l - s) 

. f/fV;^, ^i=, v;, -L, VT+;, VIS) 



2V«(l + «) 
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TRANSCENDENTAL FUNCTIONS, 
i smx<h:= — cosx. 

I sin' xdx = — ^ cos x sin a: + ^ a; = ^ a; — |- sin 2 z. 
j sill' X da:; = ~ -J- cos a: (sin* x + 2). 

/■ . 7 sin"-' a; cos a; , i — 1 /* . , , , 
sm'xdx = ~ — i -— I sm"~*X!tc. 

1 cosa;(£j: = sina;. 

I cos' xdx — i sin X cos « + |-a; = Ja: + Jsio2a;. 

I cos' X <£c = ^ sin a; (coa* x + 2). 

/I »— 1 /■ 
cos'xdx = -cos"~^a; sinxH I iios''~'' x dx. 

I sin X cos xdx = i sin' a:. 

I sin' a; cos' xdx = — ^(^ sin 4 a; — a;). 



I eos^a: stn^aittr 



eos^-'a: sin' 



H ^^ I cos™ 

-Si/' 



cos" a: sin''-'a!(fo;. 
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TEANSCENDBNTAL FUNCTIONS. 39 

f ,m-xdz ^ _l_ (_ si.."» r .m—xdx \ 

J cos"a n — 7n\ cos"^'a; ^ V cos"!!; / 

_ 1 / siii'i+'a: ^ /"sin"! (ia;\ 

?« — 1 \cos"'~^a; ^ 'J cos'"~'a;y 

m — 1 ycos^-'x ^ '»/ cos^-^ic / 

275. I -^^ =--. ^. ■ „_. ^i •„-■■ ■ 



W — 1 /' C03"'~'gl/x 

m — TO J sin" I 



(m - to) sin" 
_ 1 cos^^'x m — 1 /"cos™" 

~ ~ n-1 siii"-'x ~ TO-lJ sin"- 

cos"x J /^ \ ' 

277. ( -: = log tan x. 

J sin X COS X 

8,9. /• ..■"- . 
J sin^x cos"x 

^_J 1 'm + n-2 r dx 

n — 1 sin^-'x-cos""'! n — 1 »/ sin^xcos" 



_ _i. 1 m + n-2 r dx 

m~l sin™-'a;cos"~'x m — 1 J aia.'"-'x-coa''x 

/ dx _ _ 1 cos 3; m — 2 r (fx 

sin^x m — 1 sin^^'x wt — l^/ sm™-*a: 
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40 TKANSCENDESTAL FUNCTIONS. 

J 003"^; ?* — 1 cos""'* n — 1*' cos"~*3; 

282. j tan xdx^-— log coa x. 

283. rtan':e(ic = tana;-a;. 

284. I tan''xrfa; = — : j taii"~*a!rfa!. 

285. I ctn xffo; = log sin x, 

286. J ctu'3:(?a; = - etna; ~ x. 

287. I etn''x(£c = — - — — j | etn"-'a;da;. 

288. J'sec a; rfx = log tan (^ + f ) = i log ^^^?^^ ' 

289. j sec'a;rf3:; = tanx. 

C , ■ C dx sin a; . « — 2 /* (fx 

290. I sec"xrfx= I— — =7 rr n- + -— ^1 — TT 

sin X , w - 2 f ^_, , 

— ', r; ^37--' T I sec" 'xrfx. 

(w-i)cos X n — i-J 

291. j ese a; t/x = log tan ^ X. 

292. j C8e'xrfx = — ctnx. 
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TRANSCENDENTAL FUNCTIONS. 



13, i csc"3!(ic= j - 



dx 

COS a; m — 2 /* dx 

(n — l)8in''-'a; n — lJ siii''~*a! 

cos a; , n — 2 r « , 

-—-. — I 7 I csC-^xdx. 



(n-l)sin' 
894. f^^. — = -Un(i-n--ix). 

295. J* ] J^^^ J. = ctn {i TT - ^a:^) = tan (iT + J a;). 

396. I : -— ~ — ■ = tan i x, or esc x — ctn x. 
J 1 + cosx 

S97. t ^ = — ctn i s;, or — ctn x -~ esc x. 

J 1 ^ cosx ■* 

ii a> b, and J = 
899. /■— ^ 

^ « ± & SID 

if 5 > a, and a = 
300, 



- tan~ ' (sec 6 ■ tan ^x± tan ^' 



^±sec« sinK-^^^), 
6 ^ cos i (a; IF a) 



/rfx — 1 . , r'' + " cos x~\ 
— 7~i = , ■ sin-' , 

a + 6 cos a; Va' - b' \_a + bcosxj' 

1 . , r V«* — i*-sina:~t 

r ■ , sm- ' -^ • 

Va» - i^ L a + 6 cos a; J 

1 , , rVa' — ii'-smx~\ 

I - , tan-' -^— . 

Vo.* — i^ L + a cos a; J 
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42 TBANSCENDESTAL FUNCTIONS. 

1 , r ^ + a COS a; + V6' - a' ■ sin x l 
Vt'-a' "^L o + Acosa; J' 

,1 , rVft + ffl+Vfi-rt-tania:"! 

or ^ log , ■ ^— 1 

Vi.' - a" LVi + a-Vfi-fl-tanixJ 

1 , .rV^^^sina:"! 

or tanli"' - , , ■ 

V6^ — a* L I' + acosx J 



1. r ^ 

" J sin « + c 



"V2' 



gtan(J-3; + ^ir). 



jjjj r sina^rfa; ^ _ r cosjiw - x)d(iw -x) 

' J a + i> cos a; »/ a + b ai-a (-^tt — x) 

= — - log (a 4- i cos a;). 

g/ii /^ («' + i' cos a^) dx _ b'x a'b — ab' /" <ix 
'J a + b cos X b b J a-\-b cos x 

J (a + 6 cos a:)' a' — i" a + 6 cos a; 

aa' - W r dx ^ 
a'— b^ J a + b cos x 



/ (a' + h' cos a-) (/x _ 1 T {ah' — a'b) siax 

(« + & cos xf ~ (w - 1) (a^ - b^) L(t + i cos a;)""' 

/ TC^^' - ^^') (n - 1) + (n - 2) (o?>' - o'b) cos a-] >/x "] 
■*"J (a + ficosx)"- ' J 
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TRAN8GBNDEKTAL FUNCTIOKS, 43 

r (a' + b' cosx)dx _ (a' — h')\a,a ^x 

■ J (1 + eo3 xy ~ (2 » - 1) (1 + cos a;)"-' 

I nia' + V)-a- r dx 

2m- 1 J (1 + coa3;)--^ 

308 r '^^ - ^ r -osin;. 

J (a + 6 cos ^)'' {» - 1) (a.' - b') \_{a. + i cos x)— ' 

309. f— ^ = - ^'"^^ - 

2n-lJ (1 + cosa:)''-" 

/^ (a' + ft' cos a;) d x a'b — ah' , , , . 

310. I -^ -. — — ; r = — i — 7i-log(a + Jcosx) 

J s,vax{a + b cos a;) a' — b* "^ •' 



^ (a' + ft' cos a) dx a' 
311. I -^^ ; — — ; — = — loff tan i (i- JT + x\ 

J cos a: (a + ft cos ») a '^ ti\t! < / 

(al>' - a'b) r dx 
a J a-\- b coa 



J Bin a: (1 ± cos 3") 1 ± cos a; ^ '^ •^ ^ ^ 

/da; — ctr i x 
" 



' (1 - cos a;)- (2 M - 1) {1 - 
^2b-iJ (1 
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44 TEASSCENDESTAL FCNCTIOSS. 

2 a* sin a * sin {a + 1) 
1 . , /tan i\ , la 

^ u'cos'ar + i'am'ar ai \ « / 

818- I --jTi j- = ;^tan-' tana;-\/ r — t' 

log (a cos* a; + i sin" «). 



sin* a: 2(b — a) 



SI7. f "rr," 

J a cob' X + i fc 

SIS. r :?? = f <'(''-'■) 

J (a + 6 COS a: + c sin x)' J [a + j- cos (x — a)]" 



wliere & = r cos a and c = r 



I- i cos a; + c ein a; 



-1 



Vi--l;"r 



., r h^ + c* + a(hco3X + c sin x) "[ 
L Vc^T^(« + Acosx + c sinic) J 



Vi" + c" - a' 
p' + n (// noa r + e sin a:) + V5' + (r'- a'(6sin3:-ccosa:) "1 



V{b' + c')(a + bcosx + c sin x) 



: . log - 



i' + c — (S — a) tan i a: 
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TEANSCENDBNTAL FUNCTIONS. 45 

'■/ .(l+,o.t) + .si.. = ^'°8('' + '"°*')- 

/ dx 
{a [1 + cos x'\-\- c sin x)" 

1 r c(a sin 3! — c cos a;) , , , , , ,"| 

'■? U(i+cos.)+.,in. -°"'g<" + °*"°*')J- 

1. p + ""''>''' = .U..i:.. 
J 1 + COS a; ■■ 

I. I cos X Vl — A* sin" a; (ir 



7siu~'(A; sinx). 



324, I ain x Vl — Ar* s\.v?xdx 



- i COS xVl — k^sva'x ^-r- log (i cos a! + Vl — A^ ain%). 

>. J sina;(l — At" 9in'x)'d3; = — icosx(l — ft' sin' x)* 
+ J (1 - ft') J'sin « Vl - ft" siu^a; rfx. 

/• COSKrfx 1 . _ 

). I , = T sin ' (ft sin X), 

J Vl-ft'sin'x & ^ ' 

or - log(6 ain a: +Vl + ft'aio'a:), where 6* = — ft*. 

, C sin airfx 



Vl - ft»s 



1 . , fieosx , ,. 
or — T sin-' , where o* 

* Vl+6" 



log (ft cosx+Vl — ft^sin'x), 
ft* 



Vl-ft»si 



= log 



/ Vl - ft' sjp'x + VT^^ 'N 
\Vl-ft'sin*x-Vl-ft'/ 
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TEANSCENDENTAL FUNCTIONS. 

/ - ^ . — = - a; tan A (i TT — a:) + 2 log cos i (i ir — x). 
J l-sina; = ^ '^*" i (i '^ " *) + 2 log si" i (i ^ ~ x}- 

/- = X tan \x-\-2 log cos A x. 
1 + cos iC ■" 

332. /jTT^^ = - X ctn i a; + 2 log sin i^x. 

___ /* t3.nxdx 1 ,{ -Jb — a \ 

333. I } = —7 coB~'l ■= — cos a; 1- 

J VoT+Ttan^ V6-a \ Vft / 

336. f ^V,-^ 
J a-\- b tan ar 

= ^ ^ j 6x - (I log(a + 6 tan a:) + a log sec a; > ■ 

336. I X sin a;da: = sin le — a; cos x. 

337. J"a^ sin airfx = 2 a; sin a; - (a;* - 2)cos x. 

338. I x'sinxife = (Sx' — 6)siiix ~ (x'— 63:)cosx. 

339. I x^sinait/x = — x™cosa: + m j aT™~'cos xtfo:. 

340. I X cos xrfx = cos X + X sin x. 

341. rx*co3xc;x = 2x cosx + (x'-2)sinx. 

342. la? cos X tix = (3 ar" - 6) cos a; + (x* - 6 x) sin x. 
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TRANSCENDENTAL FUNCTIONS. 
343. I x'"cosxdx = x'"siax — 111 i x'"~'^smxdx. 
„,. fsinx , 1 sill a; , 1 /'cos x , 

„.- /*cosx , 1 cos a; 1 rsinx , 

J a;™ m — 1 x""-' »t - IJ x" ' 

... /'sino! , a;' , a^ a:' , a^ 

... rcosa; , , x' , x* a* , a:* 

347. I <^ = log a: - ;rv; + r~n ~ r"F; + ^"S7 ■ 

J X 2-i\ iii 6-6! 5-8! 

(^x , x" 7 a;' 29 a:^ 127 3?" 

3l'^3-5-6l''"3-r-7! 3-9.9! 



'■J sina; '"■^3.3l'^3 "^ '='''"^ "^ 

Sa;* , 61a:* , 1386a;' 



_-- Cxdx_x^, a* , gx* , 61a:* , 1385a;'° , 
'*"' J cosa;^2"^4-2!"^6-4!"*'8-6!"^ 10.81 "^ ' " '■ 

/ . ■ = — a: ctn a; + log sin x. 
s,\vcx 

J cc 



350. 



361. r-^ = a;tanx + 



362. rt' ra;™siE''a;dj; 

= a;"'~'8iii""''a;{T« sin* — nx cos a;) 

+ «(« — 1) rx™siQ''~''a;6tc— w(m — 1) ra;'"-'siii"a;ti):. 

383. to' J a;'"eos''a:rfa! 

= a;""-' cos""' a; (m cos a; + jkb sino;) 

+ m(M— 1) j a:"'cos''~'a;(£(; — wt(m — 1) j a;"'-"cos"a;da:. 
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4b tkanscendentai, functions. 

3S4. r?^ 

J am"x 

^ i f !c"-'(msina; + (w-2)a;cQaa!) 

SJ6. r?^ 

J cos"x 

1 r j;""' (»t COS x — (ri — 2')x sin a) 

-(»-l)(»-2)L" cos— a, 

' ' i/ cos" ^x ^ 'J G0S"~'3;J 



3M. /^i^ 



i;((to ~ 2) sin a: + nx C03 a) 



(».-l)(m-2)L 

2 /' 3in"3:i?3: /' sin''~^arrfa: ~| 

357. f""'"^ 

J a;" 

1 r cos"~'a;(wg cosx — (m — 2)cosx) 

-(«-I)(m-2)L 

J /'cos''xda; /'cos"~'3;(ie~| 

J x™-" ^ 'J a;"-' J 

368. I xPsin^a; cos"x(fo: 

= -- , ■ - A x''-'8iQ"'3;cos''-"'3:(pcoa3; + (m+K)3;sina;) 

+ (to — 1) (m + n) I x" sin^x cos''~°3;rfx 
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TRANSCENDENTAL FUNCTIONS. 49 

— p(p— 1) I a;""' sin™ a; cos'xdx I- 

= - — x''-'* sin"'* X COS" x(^p sin X -- (m + n^x cosx) 

+ (m — 1) (m + n) Cx" siii'"-^3; co^'xilx 
+ np I x^-' siw-'x <ios''~^xdx 

— ^(^ — 1)1 x''-''siTfxcos''xdx ■ 

--. /• . . , sin (JTO — «) X sin (m + n)a! 

369. J s.„ «s.„ ^<fe - g;„_,j - 2('„ + 4 ■ 

„_ - /• . , COS (m — re) a; cos (m + m) a; 

360.js„„»cosn.^»=- 2(„-.) " 2i„+.) ' 

361. rc.a^„B„,^ = ""("-y + ";(" + »>'' . 

362. I sin'wta:£fo: = tt — (wia; -- sin ma; cos mx). 
J 2m ^ ' 

363. I cos'jre3:rfa; = -r — (ma; + siu itix cos mx). 

364. \ sin ma; cos ma; dx — — - — cos 2 mx. 
J im 

36fi. ( ainMasiii"'a;(ij:= — ; — — cos na: sin^a; 
J m + n.\_ 

+ vij'co&(n-l)xsm'-'-'xdx ■ 
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50 TRANSCENDENTAL FUNCTIONS. 

366. I aia nx cos" xdx = — ; — — cos ma; eos^a; 

+ m I sm(M — l)a;'C03°'~'a;(£c [ . 

367. f cosnxsi'D.''xdx = — ; — sin ma; siii^x 
J m + « |_ 

— mi sin (re — 1) a; ■ sin""-^ cc (fee I ■ 

368. I CQanxcos''xdx = sm'nxcQs"'x 

+ m I eoa(n — l)3;-cos"'-'3;rf3; ■ 
/• coaw3;(fa! _ 2 r co3(w- l)a:Ac _ /• coa(w — 2)a^rfj! 

* »/ ain^a; J sin""'! i/ sin'"a; 

/* Bin wicffa _ /' cos(w — Ijjrrfg /* sin(w— 2)a;.:?x 
' J ain"!!! J sin^'^ar J 8iii"'a; 

r sin vKtdx ^ „ /' 3in(w-l)a:rfx _ C %\n{n-2)xdx 
' J tiOg"x J cos"~'ie J coa""* 

373 r (co3pa^ + *sin;;a;)rfa! ^ _ g ^- |" s''-^"-'(^a ^ 
' J cos nx J 1 + s^" ' 

where s = coa a; + /' sin x. This yields two real iutegrala. 

/' (cos pa; + t sin pa:) dx _ _ /' a'' + "-Vg 
' J sill na; J 1 — s^° ' 

where » = cos a; + » sin a;. This yields two real integrals, 
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TEAKSCBNDENTAL FUNCTIONS. 51 

where y = — _ This yields two real integrals. 

376. /si 



... , , f co»(»-i + <.) 
axsinbxaincxdx = — ii ^^ 7— — ^ 



cos (5 + c — a) 






».... r , , , rsiu(ft + 5 + c)x 

377. I Cos aa: cos fee cos ex da: = i i — — ^ 

.in(6+.-.)» ,i,(a-> + c)a, sin (. + t - o);, ^ 

378. /si.»»co.facos«,& = -i{ ''°'<Y/^+;''' 



CQS(fi -f 



■»)" I C°»(» + S-e)a: 



S + 0-0 
379. fcos oa; sin ia; sin ea; (^x = ^ 



iS(» + e-t)a 



3in(a + i-c)a: 
a + l>-c 

sm(a.-l> + c)x sm(a + b + c)x am(l> + c-a)x ^ 
a-b+c a+b+o b+c-a J' 

380. i sm-'xdx = xain-'x + Vl — x\ 

381. fcos-'xdx = X cos-'a; - VT^^^. 

382. I tan-'x(fa;=:a;taii-'x--4-log(H-aT*). 

383. I ctn-'ictfor = x ctn-'a; + ^ log(l + a;'). 



by Google 



52 TEANSCENDBNTAL FUHCTIONS. 

384. I sec~'x(fa; = x sec-';*; — ]og(3! + Va;' + 1). 
885. I eac^'ictfo: = a; csc-'a; + log(3; 4- Va:' + 1). 

386. Jversm-'a;*e = (x- l)veram-ia: + V2 a; - as*. 

387. J* (sill- la;)' da; = ^(sm-ia;)' - 2a: + 2 VH^ sin-'a:. 

388. r(eoa-'a;)*rfa; = a;(cos-'»)'— 2a: — 2Vl -a;'cos-'». 
388. j xsin-'xdx = il(23^— l)3in-'a; + xVl — i']. 

390. far eo3-'a;da! = i[(2a:* - 1) cos"' a: - aiVl-a^]. 

391. fx tan-'xda! = ^■[(a^' + l)tan-ia! - a;]. 
393. fx etn-^xdx == iKx" + l)ctQ-^ x + a;]. 

393. I X seG~^xdx = ^[x^ aec-'a; — Vx* — 1]. 

394. j a; csc-'a;(£); = i[3!'csc-'a:+v'a:'- 1], 

396. P™-..A,-^(:^..si.-.-/^^). 
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TRAifSCENDBNTAL FUNCTIONS. 

397. \afta,u-'xdx = —^(x''-^Ha.n-'x — JY:-—^y 

398. fx'ctn-^xdx = ^^^(x-^'atR~'x +/y^)- 

'"• J -^— = '»< — J — j — ?-• 

401. r««<i!t = ^■ 

40S.J'a!6"cii = 5(01-1). 

403. jx^t^dx = — ^ -fx^-'e'^dx. 

404. rg^. — L- [-- ji + . r^^l . 

J I™ m — l\_ x^'' J x"-^J 

405. r«''&! = T-r^- 
»/ b log a 

406. ff o-.fa = f^- gi-ir! + "(" ~ ^) '*''''"' . . . 
J log a (logft)' (log a)* 

.(»-l)(.-2)..-2.1.- 

(loga)— 



407. 



f fifc ^ »■ r_ j_ _ '°g« 

J X- «-lL i"— (»-2)»i— 

(loB»)' (log»)"' /-.i-^"! 

(«-2)(»-3)«— "^(«-2)(»-3)---2.lJ X J- 



408./!^ = log. + ,log« + i2 2, , 3 3, 



(J' logo)' I (iclogt)' 
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54 TRANSCEaJDENTAL FUNCTIONS. 

- log ( VoTfi^ + Va) i . 

/^ . _ e^fasina; - cos a:) 

/e°"{'sin a; + a coa x") 

J ° a. aJ X 

.7, j e"sin*x(ic = J sin a: (a sin a; — 2 cos 3;) + - j- 

I e^cos^a^da; = 2~jl — a( cos a: (2 sin a; + » cosar) + - 1- 

.9. I e™ 8in~ bx dx = -^— — jr; ( (a sin bx 

n6cosfec)e"8in"-'te + n(w-l)i're"sin''-=&E.(foy 
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TRANSCEai DENTAL FUNCTIONS. 55 

420. j ^eo8"bxdx = - ^ ((aaosbx 

+ nb ainiar)e"GOs"~'fia; + n,(n ~ l)i' | e^ cos' ~^f>xdx )■ 

421. Ce-'ta.n'xdx 

= ^7j — r I e'^tan-'-'xrfa; — I tf^taLrL'-^xdx. 

432. Ce'^cta'xdx 

J sin" a; (n ~ 1} (re - 2) sin— ' x 

a^ + („-2)- /- .-^^^ . 
(ra- l)(n-2)J sin"-»a: 

424. ri!!^^_^«.cosx-(«-2)3m£ 
J co3"a; (to - 1)(k - 2)cos— '« 

«^ + (TO-2)- /- e-rf^ 
(to-1)(m-2)J eos"-^a! 

426. fe^^ain-a^cos-xrfa: 

= - j A e^Bin'"a;cos'-'a:(acosa; + (m + «.)8ina;) 

— Ttw. j e™8in"~'a;cos"'""^a;dc 

+ (M-l)(m + n) re«8in"a;cos"-'3r^j 
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56 TEANSCBNDENTAL FUNCTIONS. 

= , , -.rr n ^ sin"-' x cos' x{a sinx — (m + n)cosx) 

= ■; — : — Tr~. — i\ ["^^ cos"-' x sin''"'^: (asiiix co3ai + wsia'a: 

— mcos'x)3 + K{M — 1) I e°'sm"'3;cos''"*a;(ir 
+ m(m.-— i) j e"8in'"~''a!cos"a:(£c j- 

= r — ^7 — g -j [e"*8iii''~'aTCOS"~'a;(aBina:!eoaa;4- Msiii*a; 

— jrtC0S*a;)3 + M(w — 1) I e°'siii'"~'a:eos'''a:rfa; 
. + (m - m) (m 4- « - 1} fe™ ain™-^a; cos" «ifo:| 

= -, ; — TT'. — -A re"sin"'-'a;cos"-'3;((tsiQ3;cosx + re8iii*a; 

— mcos'3r)] + m(m — 1) re"siii"'-=a;cos''-=3;(£a! 

— (m — n)(m + n — 1) C e'^s,ia°'xco&"~'xdx l. 
426. I log xdx = x\o%x — x. 

427. /.- log ,& = ^" [^ - ^^] . 

428. J" (log !)•<& = i(log x)- - II J" (log «)— ' <fe. 

429. J'i-(loga:)"ii =5^^^i^|2i"-;jijJi-(loga!)-'ii. 
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TUANSCBNDENTAL FUNCTIONS. 



43„ j-(!og^^2a^. 

412 f ''' - ' I ' f *'" 

'"■J (logi)- (»-l)(log«)— ^«-lJ (logx)— 

433 r_^l^ ^ x"^' JW + 1 r x-dx 

'"•J (log«)- («-l)(logi)-'"^»-lJ (logi)-' 

*'*• J lii - J y^ <Jy, where y = - (m + 1) log I. 

l~5 = log(log»), and 1 ^-^^ — ^ = 71 ^^^^f' 

436. flog {»■ + ^t") ifa = « . log (a' + 1") - 2 rt + 2 « • tan-' ('^ Y 

437. j (a + 6ie)'°logicrf« 

438. J"a;-log(i. + Sa!)<(x 

439. f]2«(' + '")'>' 
J X 

= log..logx + --2i(^-j +j.(^-J -■■• 

=4(iogfa).-i+i(£y-l.(,;^y+---. 
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58 TRANSCENDENTAL FUNCTIONS, 

"^ J (« + S»)- 

1 r 'og» , c ''' 1 

S(m-1)L (« + fa)— ' J«(« + S»)— 'J 

448. rigg-^j^ 

= 1 Uloga! - 2) Va + 6x + V^ log ( Va + ia: +Va) 

-V^log(Va + ix-V^) , ifa>0 
= I [(loga; - 2)V^T6^+ 2 V^ tan-'^'^^^l. if a<0. 

444. I sin log a; (^x = ^ x [sin log x — cos log a;]. 

44fi. I cos \ogxdx = ^3;[siu logic + cos log a]. 

446. I sinh xdx = cosh x. 

447. I cosh x(fo: = sinh x. 

448. I tanb xdx = log cosh x. 

449. I ctoh xdx = log sinh x. 
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TRANSCENDENTAL FUNCTIONS. 59 

460. j secli xrfa: = 2tan~'e'. 

461. j CEcL xdx = log tanh ^ ■ 

462. I 3inh'xrfa: = -sir)li°~'a;-oosha; — \ siiih"~';rt^a; 
J n n J 

« + 1 n + lJ 

/I n — 1 r 
co3h"a;(fcK = -sinha;-cosh'~'a; H I (iosh'~'xdx 

= — — sinhaieoslr + 'a; H — j- j cosh" *^ xdx. 

464. I X sinh xdx = x coah x — sinh x. 

466. I X cosh 3:(/a; = a; sinh x — eosh x. 

466. I x' sinh xtte = (x' + 2) cosh x — 2x sinh a;. 

467. I x" sinh xdx = x" eosh x — nx"~' sinh x 

+ n{n- 1) fx'-^sinhairfx. 

468. I sinh* xrfx = ^ (sinh a; coah x — x). 

469. I sinh x-cosh x<ix = J cosh (2 x). 

460. I cosh'a;!^ = J (sinh x cosh x + x). 

461. I tanh'xdx = x — tanhx. 
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60 TRANSCENDENTAL fUNCTIONS. 

462. I ctah'aida; = ;c — ctnh x. 

463. C sefii:? xdx = td^iAi X. 

464. CcsG'h''xdx = - ctnh x. 

466. Tsinh-'airfa; = 3: sinh-'x— VrTx". 

466. I coaIi~'3;rfa; = a;cosh~'a; — Va;^ — 1. 

467. rtanIi-'a!(ir = a;tanh-'x + |log{l -ic^. 

468. Tx siiih-' xdx-^ i[(2a;» + l)siLli-' x - xVl +»']. 

469. I a;co3h-'a;(ic = J[(22!'— l)cosh-'x — xVx' — 1]. 

470. r , t , 

»/ cosh o + eosh x 

= e3cb o[log cosh J- (x + a) — log co3h^(x — o)], 
= 2 cseh a'tanh~'(tanh Ja;-tanh^o). 

471. I — 7— = 2 C30a-tan~'(tanh^a;-tan^a), 

472. f- — ;— = 2csca.tanh-'(tanhix.tanio). 

J 1 + COS a ■ coah x \ i ^ / 

473. I siaYix-cQSxdx = ^ (cosh a; ■ cos x + sinh x ■ sin x). 

474. I coah X- cos xdx = |(sinhx-cosx + cosh x ■ sin x). 

475. rsinh x - sin xrfx = -J (cosh x ■ sin a: — sinh x ■ cos x). 
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TEANSCENDENTAL FUNCTIONS. 61 

476. ( coahxamxdx = ^(sinh a;, sin* — cosh a;. cos a:). 

477. i amli(mx)ainh(nx)dx 

= —5 J msinli(Tia;)cosh{wia;) — 71 eo3h(ji3:)siiili(wia!) ■ 

478. I cosh (mx) ainh (nx) dx 

= —5 1 m sinh {nx) ainh (mx) ~ n cosh (nx) cosh {mx) • 

479. [cosh {mx) cosh {nr^ dx 

= a_; a wi sinh()rea:) cosh (»i3:) — nsinh(wa;) cosh (ma;) ■ 
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62 MISCELLANEOns DBFIHITB INTEGRALS, 

VI MISCELIiATfBOnS DEFINITB INTI!aRAX.S* 

480. J^"^^^ = ^, if a>0; 0, if a = Oi -J, if ffi<0. 

481. _£ a;"-i6-*<ij;= J ' log- dx = T(n). 

T(z + l)=g.T(z), if g>0. 

r(y)-r(i-y)=^.ifi>y>o. r(2) = r(i) = i. 

r(n + l)=w!, if wis an integer. T(g)=n(s- 1). 

ra) = V^. Z(y)=i>,[Iogr(y)]. Z{1)=- 0.577216. 

4tt^.J^.r (1 ^) ^-J^ (1+3.)™+" r(m + «) 
483. I sin''xdx= i Gos''xdx 

' if n ia an even integer, 
■ if m is an odd integer, 



^ l-3-5---(w-l) ' 

2'4-6- ■ -(w) '2' 
_ 2-4-6---(w-l) 
" 1-3-5-7- 



= i V^ — y ^1 for any value of n greator 



<H 
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MISCBLIiAKBOtJS DEFINITE INTEGRALS. 63 

■OK C sin X- COS mxdx « -j ^ i ^i 

485. I = 0, if »i < — 1 or m > 1 ; 

J. i£m = -l or wi = l; |, if-l<m<l. 

486. r^^^z. 

487.J' coB{x^dx=J sin(3!«)(iK = j--y|- 

488. j s\'akx-s\'a7nxdx= \ cos Ax ■ cos ma; rfa; = 0, 

if A is different from, wi. 

489. ^ "sin" mxdx=j^ "cos' mxdx = '^- 

492. JT V--'di = Jj v;;. = ^r(j). 

494. X"-- •-•'''- = ^^^^^^"^T^^^vf- 

495.x ' 'fa= ^ ■ «>0. 

496. XV- VJ<?i = "V^ ■ 

497. f 2IJ!<ii = Jl. <,>0. 
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MISCELLANEOUS DEFINITE 1NTEGBAL3. 



498. , 

-" ye-- 



J<, ^ + e- 

500. I ainh (jnx) -sink (nx)dx — J cosli (war) ■ cosh (nx) <ic 

= 0, if wi is different from n. 

501. J"QOsh'(mx)dx = -J' 'amh'(mx)dx = Y- 

502. J"*'sinh(mic)rfx = 0. 

503. ( cosh (mx) dx = G. 

501. J sinh (mx) cosh (nx) dx = 0, 

505. J a\nh('mx)cosh{nix)dx = 0. 

C ■ a 

506. I e-"cosnw;rfa; = -i-; ;. ifa>0. 

Jo a' + w" 

r" in 

507. I e"*" sin mxtLx = - ; - , — . ' if (t > 0. 
Jn a" + m' 

508. J e—'^co5bxdx = — 5 "^**- 

D,i„.db,Googlc 



MISCBLLANBOns DEFINITE IKTEQKALS. 



513. 
514 



/■■Jog 






-^log2. 



r^T^=>»«Si'«^+»»>'+^>»- 



15. C\]ogx}''(lx=(- l)"-«!. 

'«-X'('°|';)'''"=^- 



= v;. 



J[ii±Ji;, Hm + 1>0,» + 1>0. 



521. I ]ogs'mxdx'=l log cos « rfx = — ^ ■ log 2. 

522. J*'3! • log sin xdx = -~ log 2. 

523.* I log (a ± & cos x)dx = 7r log [ 
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ELLIPTIC INTEGRALS. 



Vn. EUJFTIC INTHaRAIA 



^ ' ■J" Vl - A= sin' & -J" Vn^Vl-A=3» 
where *"< 1, a: = sin •^. 

E{^,k)=C Vl - A' sin* tf ■ de. 

•^» (1+ w sin' $) Vl - F sin^ fl 

^ = amM, ain^ = « = sn«, cos ^ = Vl — a;' = en m, tan^^tnt*, 

A^sVl -&'sin'^ = Vl - ftV = dnM, ^"^1 -A'. 

M = ani~*(<^, k)=5'ar^(x, ]t)= cn-'(Vl — x^, k) 

= dn-'(Vl-JtV, /;). 

jrHf(i-7r, A), ^'=F(i7r, ft"), £^H^(i-7r, *), ^'^JBCJ-ir, AO- 

sin 2(0 



-PC-^, i)= 



.^(<.,J„). 



''a Vl~ ,t'sin=fl 

b:. 

i. r Vl- A'sin'tf.dtf 

l[-(«--(|:!)'f-(^)'f--]-<'. 
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ELLIPTIC INTEGRALS. 



^■X* 



Vl - k^ sin' -^ 



^ — <ft ■ K — sinift c 



+ 1:3 1:3:5 1 



wher« ^, = J sin' * + 2^ . ^, s i sin' 4. + — sin" + ^-^ , 



^ = J8: 



'•r^ 



A' sin" S ■ rffl = — <^ - -E + Bin <^ cos 



{y* 



+ 5^*'-^. + 5:7:«'''i. + - 



^2-4'""' ' 2-4-6 
= ^(*, i). 

5I!8.» f , '*' -sn-(i, ;.) 

•^» V(l - :c") (1 - ftV) 

= i'Csin-'a!, i). 0<s<l. 

529. I" , ''^ =cn-'(j;, t) 
■'- V(l - I') (i" + iV) ^_' 

= J'(cos-'ai, i) = sn-' ( VI - i", 4). < I < 1. 

530. f , ''' = dn-fa, i) 
•'- V(l - x') (»■ - k') ^ ' 

= if(A-'a;, A) = sn-'Q V1-;e=, k\ < a; < 1. 



531. 



'■I 






= tn~'(ar, k) 



V{1 + x^ (1+ it-^^ 

MLt toTtj'Xvo integralH are copied In order from a at 
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ELLIPTIC INTEGRALS. 



532. f ' , ^ .2sn-'(Vi, B 

= 2F(tm-'^,k). 0<x<i, 

533. (' , ^ =2cii-'(Vi, a 

= 2 J'(COS-'Vic, ft) = 2sii-'(Vl-a;, A). 0<a!<l. 

534. f— =jL==2dii-i(VS, K 
-'» Va!(l-ri;)(3:-*") ^ ' 

= 2i^(A-'Vx, A) = 2sn-'Qvi-a;, aY 0<a;<l. 

535. (' , "^ =2tn-'(Vi, it) 

= 2 i^(tan-' Vic, A) = 2sii-' T-y/-^' tV 0<a!<l. 

636, f'-_£_-i.n-('f.^Y ,>J>>:>0. 

•^o V(a* - a;=) (t^ - x^ * \* «/ 

537. r , ■'" =l„-f;,JY :,>„>J. 

538. f , ■^ 

-'■ V(r." + as") (4" - i^ 

-^J^cn-f^, , ' Y i>x>0. 

539. f_=j5_ 

' .-./'' , - > 



x>i>0. 
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ELLIPTIC INTEQEALS. 



10. r , dx _ 

J. V(»'^ «■)(,,■ -4") , 

•'i> v'(3!" + a") (it" + 6") 






542 f *'" 

Vo-y \^«~y *o-r/ 

543. r , -^ 

644. f * '''' 

J. V(o-i)(a!-«(i-y) 

Va-y \'a-P *'»-Y/ 

545. JT'- 



V(a-i)(»-«(i-,) 



546 f ''" 

V- V(.. -»)(/!- a ;) (a; -y) 

V;^ V^/3-7 •-»' ^i-r/ 



i-iMbiGoogle 



70 ELUPTIC INTEGRALS. 

547 f ■'» 

'•'r V(o-»)(^-a!)(l-y) 

Vo-y \''^-y ^«-y/ 

548 f '^ 

■'- V(.-a;)(/3-x)(y-ai) 

649 f ''^ 

■•'-V(.-^)(;8-»:)(y-x) 

0>;3>y>8. 

550 f" ^ 

V. VCi-a)(x-/3)(a,-y)(«-8) 



■■(>ei^'V^--|)- 



V(a-y)(^-8) 
551. f, ■" 



2 , / /fi - 8 a - a; /o - S v - 8\ 

552. j;" 






i ^(a-x)ix-l))l„-y)(x 



"V(«-y)(^- 

<.>;.>a 
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ELLIPTIC INTEGRALS. 



553. 

■'. V(a-x)(li-x)(^-y)(x-S) 



-^8) \^li-y a-x-yla-y ;i-Sj 



V(»-y)(/J- 

I3>x>y. 



V(,a-x)(Ji-x)(x-y)(x 



2 _,fJp-S x~ j /i-y a-i\ 



'•i'v?j 



^(a^x)(Ji^x){y^x)(x 



2 ,/ fa -8 y-x la-B y-8\ 

° V(.-y)(g-s) '° Wr^-^- V;rrf i^> 

y>j;>8. 
556. r, "' 



2 -..f.k-y x^ Ja-13 y-8N 

V(a-y){/)-8)" V^y-Sa-«' \a-y>-8/ 
y>»>8. 
557. f' , -^ 

2 _,/ b-y 8^ J ;8-y »-8 \ 

"V(a-y)0-8)'° l^>/a-8-y-r»' V„-y>-8/ 

m/sn... = ieosh-.(^). 

559. j ciix(^ = T C05-'(dna:). 
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72 ELLIPTIC INTEGRALS. 

560. I dn xdx = sin"''(sn a;) = am x. 

56L f^^logf ■»", ]. 
J ^xix |_cn a; + an a: J 

562. f.^,'i„g p'"" + -i°» '|. 
^f cn a; A' |_ en a; J 

563. f-J^^ltaa-' P:""-"^! - 
^ dn a; A' |_A' sn x + en z J 

564. J''8a»ai<ic = i[3;--E(amx, A)]. 

565. f'cn'a^tia; = 4[-E(am a;, A) - k'^x\ 

566. J"^dn' (Brfx = -ffCam a;, A). 

567. (m + 1) fsn^aitia; =(m + 2)(1 + *^ r.sn^+'Ktfe 

— (m + 3)4^ j sn'"+*a;(& + sn*"*'! ena: dnai 

568. (m + l)ft'"J'm"'3;<ic = (mi + 2) (1 - 2 &*) J'cn"'+»x(£j! 

+ (m + 3)A' fcn^+'airfir - cn-'+'a: sua: dn x. 

569. (m + 1)A'' fdn^xiJa; =(wt + 2)(2 - fc') fdn^+'arf^K 

-(m + 3) fdn'»+*a;<£»! + &*dn"+'a!sna;cna;. 

Vl-fciainsff ftVu Vl- trains A^Jo 
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AUXILIARY FORMULAS. 
Tin. AnXILIART FORMULAS. 

A. — Tbigonohetbic Functions. 

570, tan a ■ cfcn o = sin a ■ esc a = cos a ■ sec a = 1, 

tan a = sin a-s-cosa, sec'a = 1 +tan'a, 
csc'a = t+ctn^a, sin'a + coa'a = 1. 

571. sina=Vl-cos"a = 2 8ioia-cosia = eosa-t 
na _ |1 — C03 2a_ 2 tan ^ a 



Vl + ctn*a Vl+tan'a ^ '^ l + tan^^a 

■\ J— ^=ctni-a-(l — cosa) =tan^a-(l +C03a). 



572, cosa=v'l- 



Vl + tan'a Vl + etn= c 



!l + cos 2 o 1-tanUa 
= V 2 = 1 + ^^ = "°^ *"-"?*" 

= 1—2 sin^Ja = 2 cos*^a — 1 = sin a -etna 

_ sin 2 a _ / esc' a — 1 _ ctn ja — tan ^ a 
2 ain a * esc' a etn ^ a + tan j- a 



Vl -cos* a sin 2 a 



1 - C03 2 a _ fl - COS 2 a _ 2 tan ^ a 
sin2a ~ *! + cos 2a ~ 1 - tan'^a 



^ 2 2ctn^a 

ctn i a — tan J a etn" ^ a — 1 
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74 
574. 



AUXILIARY FORMULAS. 





-.. 


».±«. 


180° ± a. 


270° ± a. 


8fl0='±<r. 


Sin 


-Binit 


+ coa(i 


TBina 


-COSrt 


isino: 


cos 


+ COBa 


Tsina: 


-eosii- 


±Biua 


+ coaa 


tao 


— tana 


T ctn Of 


itana 


TCtnrt 


±Un« 


ctn 


— etna 


^ tana 


ictno- 


TtanH 


±ctna 


sec 


+ secn 


Tcscn 


-seen: 


±csc« 


+ seca 


CSC 




+ seca 


Tcsca 


-secrt 


iCSCrt 





0°. 


30°. 


45°. 


60°. 


90°. 


i^v. 


136°. 


160°. 


18tP. 


sin 





i 


iVS 


*^ 


1 


i-JH 


tVa 


* 





cos 


1 


Ws 


Wa 


* 





-i 


-W2 


-iVs 


-I 


tan 





1 


1 


^ 


- 


-V5 


-> 


"vl 





ctn 


=0 


^^ 


1 


1 
V3 





~sS 


—1 


-V3 


- 


aec 


1 


V5 


VS 


2 


- 


-2 


-^ 


VS 


-1 


csc_ 


. 


2 


V2 


2 
V3 


' 


2 


^ 


2 


, 



576. 


8mia = Vi(l^oosa). 


577. 


cosJ<,.V4(l+coao). 


578. 


tml. ,|l-"»» l-~»» ™« 


™ -^ Vi + cosa sina 1 + cosa 


579. 


Sin 2 a = 2 sin a cos a. 


580. 


8in3<. = 38ina-4sin-a. 


581. 
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ADXILIABY FORMULAS. 

582. sin 5 a = 5 sin fl — 20 sin' a + lG sin" a. 

583. sin 6 a = 32 cos* a sin o — 32 cos* a sin a + 6 cos a sin 

584. COS 2 a = coa' a — sin" a = 1 — 2 sin' o = 2 cos* a — X- 

585. co33a = 4 cos'n-Scosa. 

586. cos 4 a = 8 cos* a — 8 cos* a + 1. 

587. cos 5 a = 16 cos* a — 20 cos* a + 5 cos a. 

588. cos 6 a = 32 cos' a - 48 cos* a + 18 cos' a-1. 
«>a .„_-,._ 2 tan a 



76 

/ 





1_ 


- tan* a 








^ „ Otn' a - 1 
ctn2a = -T;-— 








sini 


^a±y3) = 


Bin... 


ios j3 ± cos a ■ 


sii 


I p. 


cos 


ia±^ = 


:oosa. 


cos IF sin a 


■ sii 


Iff. 


tan 


(a±/5) = 


tan o ± tan ^ 
1 qi tan a ■ tan j8 








ra ± B^ = 


ctn a- 


ctn^ipl 







595. sina±sin^ = 2 sin i(a±^).cosi-(aq:^). 

596. cosa + co8/3 = 2 cos ^ (a + ;8) ■ cos i (a - p). 

597. cos a - cos ^ = - 2 sin i (a + j8) • sin J (a - ;8). 



, tan.±tan^= ^'°("^^ - 
'^ coa a ■ cos S 



599. ctna±ctn/3 = 



^ sin(a±ffl 
sin a ■ ain ;3 
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600. 


cos 


a + 


cosjS 


taDi(a±^). 


601. 


sin 


a — 


sin^ 

C03^ 


-ctni(a^^). 


(\m 


sin 


a + 


sin I3_ 


,t^ni(a+^ 



sin a - sin /3 tan i(a- p) 

603. sin'n— sin'^ = siii(a + /3).sin(a — ^. 

604. cos'a — cos'j3 = — sin (o + ^ -8111(0 — jff). 

605. cos' a - sin" fi = cos (a + y3) ■ cos (a - ;3). 

606. sin xi = ii{e^- e-^ = i sinh x. 

607. cosa^ = i(e* + e-*) = eosh3;, 

608. tan xi = ^^^~ ^P = i tanb x. 

609. «^+>^ = e'C03!/ + ie^siny. 

610. a-*'^ = a- cos (y ■ log a) + ia' sin (y ■ log a). 
61L (costf ±isintf)'' = coswff ± t-sinwA 

612. sin a; = - J Hf' - e""*)- 

613. cos a; = i- (e^ + e""). 

614. tang = — t ■ 

e"" + 1 

615. sin (x ± yi) = sin x cos yi ± cos x sin yi 

= sin X cosh y±i cos a; sinh y 

616. cos (x±yi) = cos a; cos yi zp sin a: sin yt 

= cos x cosh y^^i sin a: sinh y 
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AUXILIARY FORMULAS. 77 

In any plane triangle, 

617. - ^ » ^ " 

sin A sin £ sin C 

618. a' = b^ + c^- 2 bo cos A. 

619 « + i ^ sin ^ + sin g _^ tan i (^ + g) _ ctn ^ C 
' a~b sin^-sinB taii^(J-^) taiii(-d -.B)' 



630. siniA = -\j^ — ^ — ^> where 2s = <i + 5 + c. 



cos i .ii = 



622. tan^^ 






623. Area = -Jfic sin ^ = Vs(s - a) (s - 6)(s - c). 



In any spherical triangle, 



sin 6 sin G 

625. cos a = cos 6 cos c + sin & sin c eos .ii. 

626. - cos ^ = cos 5 cos C - sin B sin C cos 

627. sin a ctn 5 = sin C ctn 5 + cos a COS C. 



628. cosJ^ = 



. sin s 



£li^^. 



629. sin^^ 



f sin(.-6).sin(.-.) 



_ I sin (s — b)- sin (s ^^ 
^ sin s - sin (s — a) 
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78 AUXILIARY FORMULAS. 

631. cosi..Jii(*Hlhi»5E3. 

^ ' sini;-smC 

638. smi. = iJHi»!^I5>a«E3i. 

633. teni„.-JIEi22^i»iiIE3r. 

' Vcos(S-£).cos(S-C) 

2« = a + J + c. 2S = A + B-t-C. 

635. oosH^-iO- ''°^''',"'"'^ smtC. 

637. sini(.4 - J) = ''"iC"^') „„,(.. 

' sin i c ^ 

638. tan4(.^ + B)_55!ii2jza„tnie. 

^ cos4(a + 6) * 



639. tanif.4 - B) = 



8in4(« + *) 



siiit(-J-2i) 
sin4(J + i?) 

co»4(<i + i) _ ctiitC 
cos 4 (o — &) ■ tan 4 (J f jS) ' 
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79 



In interpreting equations which involve logarithmic and 
anti-trigonometric functions, it is necessary to remember that 
these functions are multiple valued. To save space the 
formulas on this page and the next are printed in con- 
tracted form. 



643. 8in~'x = cos~ 



- = 28in-"[4 - i Vl - x'y 

-'(2a; Vn^ = 2 tan-' P ~ ^^ ~ ^ 1 






7r — cog- 'a: 



•n^ 



= i'T + is: 



■1(2 a:« - 1) = i- cos-'(l - 2 x^. 



= j7r — sm 'a; = 2 cos ''Y — ^ — 
-icos-'(2a:«-l) 
o^ -../ I -J' w _.r2Wl^"| 

= CSC ' — - = TT — cos {— X) 



i log(a; + Va:" — 1) = tt — i log(-v 



-l-x). 
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80 AUXILIARY FORMULAS. 

645. tan*"'3; = sin' 



= ctn-' 



1 + 3^ Vl + x^ 1 + 3^ 

= i TT — ctn-'3! = sec-' Vl + a;" 



= 2 cos" 



,r i + Vi+g -|Lo.,„-.r vrTP-i -|' 

L 2 VTTS" J L 2 vT+T' J 

, 2a! „. ,rvrT?-ii 

.j-p = 2ta„-.[_ J J 



- taii~^c + tan" 



646. sin~*a; ±sm~'y = sin~'[3;VT^^^± j/VT— ^]. 

647. cos-'3!±co3-^y = cos-'[aT!/;p V(l — a:*)(l — y)]. 

648. 



"'ar ±oos~')/ = sin~'[a;y± V(l — o;^)(l — y")] 
= COS-' [y Vl - a;* IF a; Vt - y"]. 

650. tan-'a:±ctn-'w = tan-'r^^^^1=ctii-'r-^^^1- 

651. log(a! + i/t) = Jlog<x'' + 2/=)-M-tan-"0/3:). 
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- Hyperbolic Functions. 



652. sinh x = ^(e* — c"'^) = — sinh (— x) = — i am(ix) 

= (csch x)~ ' = 2 tauh ^ w -j- (1 — tanli' i x). 

653. cosh a; = ^ (f + e- ') = aosh (— x) = cos {ix) = (Becii x)-' 

= (1 + tanh* J a;) -I- (1 ~ tanh' j- 1). 

654. tanh x = (e^- e"^ -h (e* + e"*) = - tanh (- a;) 

= — * tan (ix) = (ctuh a;)"' — sinh x -^ cosh x. 

655. cosh xi = cos x. 

656. sinh xi = i sin x. 

657. cosh' X — sinh' X = 1, 

658. 1 -tanh'x^sech'a;. 

659. 1 - ctnh'x = - csch'a;. 

660. sinh (x ± y) = sinh x ■ cosh i/ ± cosh x ■ sinh y. 

661. cosh (x ± y) = cosh x ■ cosh y ± ainh x ■ sinh r/. 

662. tanh (x ± J/) = (tanh x ± tanh y) ^ (1 ± tanh x ■ tanh j). 

663. ainh (2 x) = 2 sinh x cosh x. 

664. cosh(2x) = cosh'a; + 8inh*y = 2cosh*x — l = l + 28inh'x. 

665. tanh (2 X) = 2 tanh a; h- (1 + tanh'x). 



, sinh (^x) —^i (cosh x — 1). 



667. cosh (4 x) =- V^ (cosh x + 1). 

668. tanh (J x) = (cosh a; — 1) + sinh x = sinh x + (cosh x + 1). 

669. sinh x + sinh y = 2 sinh i (a: + y) ■ cosh i (a; — y). 
67ft ainh x — ainh y = 2 cosh ^ (a; + y) - ainh i(x — y). 
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82 AUXILIARY FORMULAS. 

671. cosh X + cosh y = 2 cosh \{x-\- y)- cosh J (a; — y). 

672. cosh a; — cosh y = 2 sinh i (« + y) ■ sinh \{x — y). 

673. d sinh a; = cosh x ■ dte. 
671. d cosh a; = sinh x ■ dx. 

675. d tanha; = sech'aida^ 

676. d ctnhx = - csch^x-dx. 

677. (^ seeh x = — aech a: ■ tanh x ■ da;. 

678. d each x = — csch a) ■ ctnh x ■ dx. 

679. sinh-'a; = log(3: + V^Tl)= f , '^ 

*' va:^ + l 

= cosh-' ^v^' + 1. 

680. cosh->x = log(a; + V^=^^)= ('—^= 

^__^ ^ V** - 1 
— sinh~' Va^ — 1. 

. 1 log(l + a:) - i log(l - 0,) =/j^. 

: t 10g(l + a!) - 1 l0g(;» - 1) =/j-?j-,- 



. esch-': 
d ainh" 



tanh"' 
. ctnh-' 
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687. rftanh-' 

688. rfctnh-' 

689. rfsech-' 

690. d csch-' 



aiVx" + 1 



If m is an integer, 

691. sinh (wTrf) = 0. 

692. cosh (mTTi) = cog Mwr = (—l)", 

693. tanh (mTn) = 0. 

694. siiih(3; + mTrr) = (— 1)"* siuhx. 

695. cosh (x + mwi) = (- 1)" cosh (a;). 

696. siiih(2wt + l)i7rj = isin(2m + l)i7r 

697. coah (2 m + 1) I iri' = 0. 






- -t sinh X 

700. sinh M = tan gdw. 

701. cosh w — sec gdit. 

702. tanh u = gin gd u. 

703. tanhjM^tan Jgdw. 

704. M = logtan(iw + JgdM). 
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04 AUXILIARY FOEMDLAS. 

C — Elliptic Fukctioks. 
If u^Fi^,k)^f' "^ ^f\ ^' ' 

where k<l, and x = sin i^, if> is called the amplitude of w and 

is written am (w, modft), or, more simply, am m; a! = sin<^ = 8nM, 

Vl — x' = cos ^ = en M, Vl — AV = ii^ = in w = dn m, 

^= F{i tr, k), IC = F{^ If, k"). 

Hence, am (0) = 0, sn (0) = 0, en (0) = 1, dn (0) = 1, 

am (— m) = — am u, sn (— m) = — sn u, 

cii(— w) =cnM, dn(— M)=dnM. 



705. 


sn'« + cn"« = 1. 


706. 


dn*M + A'sn'M = l. 


707. 


dn'»-i'c!ii". = !-*■=*". 


708. 


„ 2 sn jf ■ en j( ■ dn M 
8n2._ i_j,^„.„ ■ 


709. 


n en'H -sn*M.dn»M 1 -2sn'n+ k* sn*u 
^^"^ 1-k'aa'u l-Fsn*M 




2sn'„.dn'. 3 en". 




■ ^ 1-4'5B'„ - 1-fm',. '■ 


710. 


, „ dn"«-i'.n"«.cn"« 1 - 2 *■ sn'» + f sn<« 


'*°-" 1-i-sn'. 1-i'sn'. 




2k^Sn'u-CTt^u 2dn»M 




1-Fsn<« " l-i'sn'i. 




yw'^ 1 — en M 1 — dn M dn « — en M 



j/mN _ dn w + en M _ fc' en n ■— k" + dn u 
^VV~ l + dnw ~ /t'(l+cnM) 
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ti-> A if A k^ + Snu + k'cviU k'jcTiu + dnu) 

^- ^^\2) = - TTd^ k^ + c^u) 

_ /;"(! + dn m) 
/c'^ + dn M — ^' en M 

If, moreover, v = ) ^ ■■ ■ =^ > 

-'o V(l-s')(l- /fci's*) 

714. su* a — sn' w = en* w — en' u. 

sn M - en « - dn w ± en u- sn v -dnu 



715. 


™C*") l-4.„...sn.. 


716. 


, ^ en M ■ en i» ^ sn w ■ an !f ■ dn It ■ dn w 


Cn(,,X«) l-i.s„'«.,n'. 




= cn«.cn»TSn«.sn..dn(»±»). 


717. 


dnf^J. 1 dn«.dn,=FP,„.,.sn,.cn..cn. 


dn(«J..) l-fsn'«.sn-!. 




= dn M . dn « T A" sn M . sn D . en (M ± f). 


718. 





_- , . , . , . 2sn W'Cnji'dn V 

719. '"C + -) + Sn(.-»)= ^_,.,„.„.^„.„ 

720. s.(. + .)-sn(.-,)= f'°,'',''°,''"'°.'' 

' ^ ' 1 — k' sn'u-siv't 

irni , . > , , , 2 en M - en « 

721. cu(u + v)+cii{u~t>)=^—^^-^^^^^^-^^ 



1 — A* sn'w-sn'i 



J, , ,,,, , 2dnM-dmj 
, dn(u + v)+dn(u-v)=z ^ — -, :-" 
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ATJXILIAEY FORMULAS. 

2 ft= sn « • ! 



rU. dn(u + v)-dn(u-v) = ~ , ,, , , 

^ ■" ^ ' \ — K sn' V. ■ sn' V 

725. sn(u + v).su(u-v) = ^ ^"i^V'". 

726. cn (« + v) ■ en (m - );) "" '■-"■- -^ - 
-1 = 1 



1 — k^ sn'M-sn'w 
sn" M ■ dn' )j + sn' c ■ dn' i 



l-A*Sii«M.sn*w 1- A'sn'ii-sn^w 

727. dn(u + v)-An(u-v) 

1 — A* bh" u — k" sn* )f + P sn^ m ■ 



1-A=f 

_ dn'jt + dn'i' 
~1^^ 

728. sn(u±v)(in(uzfv)-. 

729. sn (m i r) dn {m IF i;) ^ 

730. en(«±v)dn(MH^«) = 

731. [l±s,(..+,)][l±s„(.-,)] = <;°J'gXtyr - 

732. sii(«>, j!)=.isn(«, i')/<»>(».*')- 

733. cii(«.-,*) = l /on («,<;> 

734. dn {Mi, A) = dn (u, ftV«i («' *')■ 



siiw-cnw 


dn 


« ± sn « ■ cn j; 


dn 


u 


1 


-1^ 


sn' 


/.sn'w 






Snu-dnu 


cn 


«± 


n..dn« 


cn 


u 


1 


-* 


sn- 


j.5n-» 






cnu.dna. 


n. 


dm 


T*'.n« 


81 


V 
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- (1 + ft^ sn «. 



, , — li, — n, > u.. .. — 2 dn' u. 

air ^ ' 

742. sn (m ± A") = ± eu w/dn it, sn (m ± 2 AT) = - sn u, 
sr(ii±Z K) = ^cau/Aau, 8n(«±4X')= snit, 
sii{i( + K'i)= 1/Asn M, and, if m and n are integers, 
sn (M 4- 2 wjA: 4- 2 n,if i) = (- 1)" sn u. 

743. <m(u±K)=zpk'5Tiu/Anu, cn{u±2 K)= - mu, 
en (w ± 3 A") = ± ft' sn w/dn w, en (m ± 4 A") = en w, 

en (m + A";) = — i dn w. / ft sn w, and, if m and n are integers, 
cn(M + 2 mA + 2 nKi) = (- 1)"+' en «. 

V 

744. dn (« ± A) = ft'/dn «, dn (m ± 2 A) = dn w, 

dn(« + A'i) = — tenit/sn w, and, if m and m are integers, 
dn (« + 2 mA + 2 nK'i) = (- 1)" dn u. 



byGoogIc 



ATJXILIAKY FOEMULAS. 



D. — Series and Products. 



[The expreBsion in lirtLckets attached to an infinite Eeries sliowB values 
o£ the variable which lie within the liiwrral of convergence. If a seiies 
is conTergent for all finite values of a, tjie expression [i^<cc] is used.] 

745. (o + S)- = .■ + ««—» 



746. (.-fa)-. = l[l+^ + '|' + *^ + ...]. [SV<.-, 



747. (1 ± a;)" = 1 d 



.'-^^ 






748. (I±rt)- = 1, 



ife+il,, 



[^■<1.] 



2.4 2.4.6 

1.1 3, -> . 



2. 4. 6. 8 



,...,. ^. , , 1-2 , 1 2.5 . 
75L (l±.), = l±4«-j^«-±j-^a:. 

1.2.5.8 , 



[I-<1.] 



[=^<1.] 



[«■<!■] 
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12. (l±a;)-l=l=fia; + 



AUXILIAElf FORMULAS. 
1-4 , 1.4.7 

s-e' "f 3.6.9'' 

1.4.7.10 . 



753. {l±xy = ld:ix'~ 



3.6.9.12* "*" ■ C'^^^-] 

"2.4 24.6 2.4.6-8*'"' 
[a;'<l.] 

754. (1±.V = 1 =f i-- + |:i-'=F i;fi|«'+ ■ ■ ■. 

[a?<l.] 

755. (l±n)-' = lq:ri; + a!"T^ + «'=Fa!'+---. [i'<l.] 

, 3 1 , 3 11 . 

'■2:4'=^ 2:1:6'' 



2. 4. 6. 8 ■•"2.4.6.8.10 

757. (l±.,-. = l,,;. + |^a^=f|^|^«- + .... [..<!.] 

758. (l±a!)-'=l^;2a! + 3aJ=F4a!" + 5a.'^;6i'H . 

759. e- = H-a! + ^ + ^ + .... [a,"<«.] 

760. ,. = l + .l„g. + feJ2£ii- + felai2.' + ....[,.<^.] 

761. i(^ + ,--) = H-|' + |.| + |" + .... [^■<«.] 

,-.l-«- + |-;-i^ + f;-.... [^<«.] 
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A series of numbers, Bj, B„ B, ■ ■ -, of odd and even 
ordere, which appear io the developments of many functions, 
may be computed by means of the equations, 

,.._^_£(^^,.... 

^ 2.(2»-l)(2.-2)(2.-3) ^^ 



(2n-l)(2n-~2)(2n-3) 
3! 



_, + ---(~l)"- 



Whence B, = ^, Bi = 1, A = ^, B^ = 5, B^ ^ ^, B^ = 61, 
B, = ^, Bj = 1385, B» = /a, B„ = 50521, B^ = ^^, B„ - 

2702765, B„ = J, etc. The B's of odd orders are called 
Bernoulli's 'Numbers; those of even orders, Euler's Numbers. 
What are here denoted by Bs„_i and Bj, are sometimes rep- 
resented by J5, and i',, respectively, 

(2«)l (2"-l)ir'"L 3'- 6"^7>-^ J 

(2«)!w"*'L 3"^6'" 7"^ J 

+ ■■■• 
[«<2^.] 



765. log as = (»: - 1) - i{i - 1)- + J(« - !)■ . 

[2>i>0.] 

,e6. ,„g. = £^ + i(2L^)-+j(i^)V.... 
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767. l.g« = 2 [l^ +l(|^)V J (1-^1)'+ . . .]. 

[»>0.] 

768. log(l+j-) = i-t«" + l»--ix- + .... [i'<l.] 

769. log(!4|)-2["' + i='' + t«' + t>i'+-"]- [»'<1-] 

77a.o.(|±f) = .[U,(l)Vj(i)'....].:.>,.3 

77,.,o,(.+VrTP) = .-5|^ + ^-,^^+.... 

Series for denary and other logarithms can be obtained 
&0U1 the foregoing developments by aid of the equations, 
log„ar = log,ar ■ log„e, log,a! = log„a; ■ log,a, 
log, (- s) = (2 n + 1) vi + log,3. 



772. 


3i.„._|l + ^-|l + .... [..<..3 


773. 


e«sai = l-^ + j^-!^+--- = l- versin i. [rt' < «.] 


774. 


, i" , 2i' , 171' , 62i' 
"°' = '+3+TF+-315- + 2536 




+■■■+'"''" "(L);--"'""'^--- f''<*'"-i 


775. 


1 I rt- Zi" i' 




... &=l£!)l- .... |.,,<^.] 
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m.,e.. = ..|;.-'.51|?.-.^.-.H?-] 



1^ 31 ar^ 

' 3! '"3-5! 3-7! 



2^2"^' 1) .^_ [a:'<Tr».] 

(2n + 2)! "^' ■- -■ 



6 2-4 5 2-4-6 7 
-\'- ■ • — \'rT — cos~'». [a:' < 1.] 



779. \sxr'^x^x-^3? + \x--\x'-^-- 


• = Jtt — ctn-'a;. 


780..»-.. = |-l + A._jl,+ ... 


[»^>i-] 


_, 'T 1 1 1-3 


1-3.5 



1-4-5^" 2-4-6-73: 
= \-jt — cse~'3;. [a:'>l.j 

= log a; - i ar" - tJj a;' - ^jij, x^ 
2*— 'B,„, 



«(2«)! 
log cos a; = — -J a;* — ^ a;* — ,"5 x' ■ 



[a:'<')r'.] 



784. logtanaT = loga: + ^a:* + ^j,x* + 5gfBa!« 



4! 5! 6! 7 
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•0-^^-¥— > :-<-] 



[^<i-: 

[=.•<!.] 



790. smhj! = a, + |^ + |^ + 5l+-.-. [»,'<«..] 

791. cosh« = l + |^ + || + ^ + |^ + ---. [a:'<«>.] 

798. tanh x = {V — 1)2' £, ^ - (2< - 1) 2'P. |-' H 

-S[(-l)— 2-(2--l)i!,._,a^-V(2«)!]. 

793. ctnh « = i (1 + S [(- 1)—' 2'- B,._, 3:'-/(2«)!]). 

[^■<.r-.] 

794. secha!-l + 2[(-l)-A.a!'"/(2")!]- ["^<i'^-] 

795. csch a; = 1 + (2 - 1)2 B, |j - (2" - 1)2 A ^ H 

= ^(1 + 2S[(-1)-C2-— -l)i!,._,«-/(2»)!]). 
[a!"<7r'.] 

' 2.4.5 ~2.4.6. 7"^ ' 
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799. c3Ch-'x = 



2-3-a^ 2.4-5-a^ 2-4-6.7-; 



[^■>1-] 

»«>-X'«-''^="'-'"='+H^-ri! + ---- ['^■<«'-] 

f a^^'.fc _l 1 , 1 ^4.... 

Jo 1+a* a a + b^a + 2b a + 36 



803. /(x + 4) - /(I) + 4 ./' (X + »i). 

804. /(x + 4)=/(x) + *./'(rt) + |'/"(i) 



■ + -;■/" (I + «*). 



805. /(x + 4)./Ci) + 4./(x) + 2-,/"{a!) 



-.(!_«).-. ./.(x + «i). 



806. /(x + 4, !, + t) =/(«, J) + 4/'.{» + »4, y 4 
+ */',(» + ».? + »*)■ 



807. 
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\-Sh'k- 



■+JJ. 



h3M'- 



+ ■ ■ ■ + j;;4t)! (*-°. + *■».)■"'/(«■ ») 
+ -^ (hD^ + kD^yf(x -i-eh,y + ek). 

I , 4 r . TJ! 
1. 1 = - sin 

■ " = !-!?[' 

, C" 4t»r TTJ! 1 2 

-Ji™-^+"J' 



Trai , 1 
c 3^ 



[0<a:<«.] 
„...]. 

5frx ~[ 

[0<>,<<,o 



[0<«<o.] 



[-«<:.<..] 
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813. log sin ^ a; = — log2 — cosx — ■Jcos2x — -JcoaSa; — • ■■- 

[0<*<Jir.] 

814. log cos 4-^ = — log 2 + coax — 4- cos 2 a; + i cos 3 a; . 

[0<a.<i7r.3 

815. f(x) = ^So + i, cos — + ia COS — H 

irx 2'iTx 
+ a, sin hossin 1 , [— c<x<c.3 

where S« '^ - I /(o) cos da, 

I r*'' ,, . . WTO , 
o.„ = -j^^ f(a) sin —^ da. 



— -[-(-:)"][-(0][-(0]- 

[»■<«.] 

»— [-(^y][-(f^)-][-(0]-- 

2-.4-.6'---(2«)'(2» + 2) »■ 
l".3"-5' •••(2« + l)" 2 

2°-4'-6' • • ■ (2m)^(2m + l) 



2{2» + 2) 2-4(2«+2)(2w + 4) 
"2.4.6(2» + 2)(2« + 4)(2» + 6)'' J 
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E.— 


Derivatives. 


dx 


adu 


dx 




dx 


du dv 
^"dx'^'^dx' 


<") 


du dv 
^ dx "rfa; 



df(u) df(u) du 



du dx^ dv!' da? 



:"(l+log,«). 



;-log,« 



_]2S9* 
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d ctnx 



836. — z — = — ctn X ■ CSC x. 
dx 

a^w -^ sin-la: _ 1 



dx 1+a^ 

d ctar^x 1 
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d secb X _ 
dx ~' 

d csch X 

dx ~' 
d sinh~'3! 
■ di " 



850. - 
SSL - 



dx 



- sech X ■ tanh x. 

- csch X ■ ctnh X. 

1 

1 



855. 
856, 
857. 



<ie a; Va;' + 1 



(Z° (w ■ d) _ d'u dv d''~^u 

dx" rfa;" dx dx''~ ' 






'. If f{x, y, z, ■ - ■) is a homogeaeous function of the nth 
order, so that /(Xa:. ky, X«, ■ ■ •) = X°/(x, y, 3, ■ ■ ■), 



D,],„ab,G00gle 
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860. 


Itx 


= *(!/), 






dx 


1 


d^ 

djy 
dx? 


3r*"(j)r-*'M-*'"(!') 


861. 


If re 


-/(') 


and y 


-*». 




dx 




d^ 


[/'('):■ 


862 


It/ 


x.l,) = 


0, 






dy_ 
dx 


■dx' 


V 




d' 




V.'f- iD..f)' 


- 2 B.fl./. B./. Z)./+ D.'f- (I>.f)' 


da 






(.D,f>' 


863 


nj< 


=/(", 


')," 


= *(«), and v = ^,{x), 




d.f 
dx 


if du 
Su'dx 


-I- 


■^ = u'.D.f+.'.D.f, 




dff 
di?' 


_8V/i.Y Iff dud, S'f (d,\- 








' a.. ■ j-a f a.. ' ^~a 



-«'.2)'^+2.'..'.i.B./+«?i)."/ 
+ «".o.y+»".A/. 
864 n fix, y, ») = 0, Zl^ - - DJIDJ, 
I>;' = -lI>lf-{I>.ff 

- 2 A/- A/- »A/ + A'/(.B./)'] / (A/)', 

A^^ - - U>.DJ. (D,ff - DJDJ. DfiJ 

+ D,f- D,f. DJt.f+ DJ. D,f. B.'/] /(A/)'. 



iXtOO^IC 



ACXILIAKT FORMULAS. 
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865. H r=+C«,t.), «=/,(», J/), and .=/,(!,»), 

i>^, F = i>/ ^ ■ I>^»£ - D^u + A.V ■ Dj} ■ Z>,r 

+ IIJ>,1>(J>.v ■ D,u + Dji ■ £),») 

+ i>, ^ X*r^vM + i*„ <^ ■ ^J>,v> 
D."F+D,>F=i>.V[(J>,«)' + (P,o)'] 

+ 2 I>J>A -[Jy^u- D^v + Z>,M - D^w] 
+ P.*.[i)> + i),"«] 
+ i),*.[2)>+Z),'i>]. 

In the special case, ME:r=V^M-y*, e^fl = tan-'()//ir), 
we have i>.ic = cos # = a: / ValM-y*; i>ry = sinfi = y/ValM-y°; 
Z»fj;= — r sinfl= — 2/; Z»(y = r cos fl = «; 
Dje = xj Vai'+y = cos ; iJ^=y/ V3:°+j" = sinfl; 
.DJ*" -!'/(«■ + !'')=- "in «/■■; 
i>^=3!/(a:» + y') = co8ff/r; and 

i).>F+Jl,"r=I>,'r+i.i),F+i.i>,'F. 

866. If F=^(m,u), ii=/,(i-,«), and r=/,(r,ff), 
i),'F+l.D,F+i-I),"F=i).'F- TW")' + ^^^'1 

+ i>.'F.[(D,.)> + tM!] 

+ 2 2)AF[l>,..i),. + 5fc^]l. 
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867. 



■D.F -Z)> + -A 


-^ 


H 


n.^f-o^ + l X>, 


-^ 


...]. 


(.,,,,.),»=/.(«, 


y,»), 


»=/.(« 



s), and 



Z),>' = i>.K P.« + Z>.K-i),» + !>.»' D.10, 

-D.' v=i>'Y- (Djif + j>'r- (Dj,y + Djr- (!>,«)■ 

+ 2 (D.D, VUji- Dj, + DJ>. VDjt- D.m 

D,' F+D,'V + D'V= !>,• V- [(-D.«)"+ (»,«)' + (A")'] 
+ D.' r . [(D^)' + {D,,)' + (D.1.)'] 
+ Z).'F[(i).«,)- + (!>,»)' + (2),»)'] 
+ 2 -O^D^ r- [i>^w ■ D^v + D^u ■ D^v + D,u ■ D,v^ 
+ iD^D^riDj}- D^w + D^v- D^v> + D^v- Aw] 
+ 2 DJt. r- Z-D.W ■ D.U + D,'" ■ A" + ■"."' A»] 
+ D,r- [Xl,"ii + -D,"« + -D>] 

+ i)„ r . [i>> + A'" + A*«] 

+ K.K- [2>,"«> + i),'ic + A'""]- 
In particular, if 

x = r sia6 cos ^, y = 7-siiidsin^, z = r cos tf, 
so that wEi^E3:' + i/' + s*, v = $ = taii-'(Va:» + J^/a), 
w = ^ = tan~'(y/a;), we have 

It^ = cos tf = b/ Va^ + / + 2' ; 
B^ = sin fl COS ^ = a:/ Va;" + y* + z' ; 
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AUXILIARY FORMULAS. 

J5gs = — r sin tf = — Va:^ + y' ; 
D^x = r cos fl cos = ax/ Va:' + y* ; 
Z)»y = r cos fl sin ^ = zy j y/x^ + y^ ; 



= 0; 






=/r 



\~fj,A= _ sinfl/r; 



Atf = - ^ 

A* = ; 

i>^r = a; /r = sin fl cos ^ ; 

D^^ = Ks/H V^T^ = cos # cos .^/r; 

D^^ = -y/i^ + f)=- sin <^/j- sin « ; 

i>^)- = y/r = sin ff sin ^ ; 

£)jd = £!//r* Vx' + y' = cosfl sin ^/r; 

i>^,j, = x/ix^ + if) = cos^/r sintf; 

(i?.r)' +(D„>-)' + (A'-)' = l; 

(!>»» + {Dy4>y + (A*)' - 1 /^ Sin'fl ; 



D,'Y + D'V + !>,'¥ 



*sinffL ^ ' 



'■^ + -°*'°»-°''')]- 
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J8. If X =/,(«, V), y =Mu, V), . =/,(«, V), 






869. If X =fisi, u), and y = <^ (s, «}, 

-O^ = DJ/ (A *■-»./- A/- A<^). 

870. If -FiCx, J/, 2, M,«) = 0, 

-Fj (x, y, a, M, J)) = 0, and F^ (x, y, z, u, v) = 0, 



I>,Fi^ D^Fi I>„Fi 
D^i D^F^ D^Ft 
D^Ft D^Ft D„F. 



D^i I>,Fi D,Ft_ 

— - D^t B^Ft D^Ft 

DJ", D^F„ D,Ft 



871. If Fi{x, y, *) = 0, and F^{x, y, z) = 0, 



D^t ■ DJ't - D^t ■ D^i -Drfi ■ D^t - D^t D^Fi 



D^i ■ I>,Ft - D^t ■ D,Fi 



If each of the quantities yi, yi, yit ' ' ' V„ is a function of 
the n variables xi, x^, a;,, ■ ■ ■ «„ the determinant, 

D.,2/1 -D^i ^.^1 ■ ■ ■ 



D^y. D^. -0^» ■ • ■ D^y. 
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105 



is called the functional determinant or the Jacobtan of the 
y'a with respect to the x'a and is deDoted by the expression, 



{Xt, Xa Xs, 



*=) 



or by J (y„ ys, • ■ ■ j/„). 



■ 3/„) ^ g(xi, 3^, a;g, 






^ g (yi^ y.. y., 



~g(a;i, 

If the J/'s are not all Independent but are connected by an 
equation of the form ^{y^, y^, ya> ' ' ' y^ = 0, the Jacobian 
of the ys with respect to the x's vanishes identically ; and, 
conversely, if the Jacobian vanishes identically, the ^s are 
connected by one or more relations of the above-mentioned 
form. 



The directional derivative of any scalar point function, w, 
at any point, P, in any fixed direction PQ\ ia the limit, as 
PQ approaches zero, of the ratio of Uq — Up to PQ, where 
Q is a point on the straight line PQ' between P and Q'. The 
gradient, A„, of the function u at .P is the directional deriva- 
tive of M at P taken in the direction in which w increases 
most rapidly. This direction is normal to the surface of 
constant u which passes through P. 

874. h,^^{D,uy + (D^uy+(D,uy. 

The directional derivative of any scalar point function at 
any point in any given direction is evidently equal to the 
product of the gradient and the cosine of the angle between 
the given direction and that in which the function increases 
most rapidly. 
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TJie normal derivative, at any point, P, of a point function 
11, taken with respect to another point function v, is the limit 
as PQ approaches zero of the ratio of Uq — u^ to Vg — Vp, 
where Q is a point so chosen on the normal at P of the 
surface of constaot v which passes through P, that vg — Vp 
is positive. If (m, v) denotes the angle between the directions 
in which u and v increase most rapidly, the normal derivatives 
of u with respect to v, and of v with respect to « may be 
written 

k^ cos (it, v) -T- h„ and A„ ■ cos («, v) ■*■ A, 

respectively. If A„ = A„, these derivatives are equal. 

F. ■ — Miscellaneous Fokmdlas. 
If s is a plane analytic closed curve, n its normal drawn 
from within outwards, and dA the element of plane area 
within s, the usual integral transformation formulas for the 
functions u and v which, with their derivatives of the first 
order, are continuons everywhere within s, may be written — 

875. Cu-c(ys(x,n)ds=CCD^u-dA. 

876. C{v. ■ cos (x, re) + f ■ cos (y, w) ] (& = (({Dja. + D,v) dA. 

877. (*!>„« -ds^ C r(-0> + -Ot'") dA. 

878. JTC-O^" ■ A" + i>vM ■ !>,■») dA 

= Cu-D„v-ds- C Cu(p^ + D^hi)dA 
= Cv-D,u-ds- C Cv (2)> + P/y) dA. 

879. r Ck (p^u ■ Bji + D^u ■ D^v) dA= CkuD^vda 

-ffulD^{\J)^v)+p,(\I>^v)^dA 

Digilized by Google 
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If f and jj are two analytic fimetions whicli define a set of 

orthogonal curvilinear coflrdinates, and if ($, n) and (r/, n) 
represent the angles between n and the diiections in which 
i and II, respectively, increase most rapidly. 

SSI. j'ykfh^I>JjAdA^fucos(i,n)ds. 

882. If r is the distance from a fixed point, Q, in the coordi- 
nate plane, 

I ^ — - — = 0, TT, or 2 TT, according as Q is without, 

on, or within s. 



If S ia an analytic closed surface, « its normal drawn from 
witbhi outwards, and dr the element of volume shut in by S, 
the usual integral transformation formulas may be written — 

883. fCu cos (x, n)dS= CC Cd^u dr. 

884. ( I [w coa (x, n) + v cos (y, n) + w cos (s, «)] dS 

885. ffl>.<' ■*" =(((("■'' + "ti'" + A'")*- 

886. ( ffl^." ■ "J' + !>," ■ I>,v + D,u - C.i.) iJt 

= CCuD.vdS-CCCn(I>,'t + Z>,V + A'")*- 

D,i„.db, Google 
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887. f f f>^ (-DxM - ^xv + -OyW • -D„f + A" • A") 'ir 

- rrr«[A(A Aw) + A(^A«) + A(AA")]rfT. 

If ^, ij, f are three analytic functions which define a system 
of orthogonal curvilinear eodrdiaates, 

«««■ ///*! ■ *. *< A ( j;—) * =//» ■ "» «, ») iS. 

891. If r is the distance from a fixed point, Q, ^ 

1 ^ — ^ dS= 0,2 IT, or 4 TT according as Q ia without, 

on, or within S. 



Stokes's Theorem. — The line integral, taken around a 
closed curve, of the tangential compoaent of a vector point 
function, is equal to the surface integral, taken over a surface 
bounded by the curve, of the normal component of the eurl of 
the vector, the direction of integration around the curve form- 
ing a right-handed screw rotation about the normals. 

If -?, Y, Z are the components of the vector, 

892. ("(Xdx +Ydy + Zd^)= Cfl(D^Z - 7), Y) cos (x, n) 

+ (D,Y - D^) cos (z, n)]dS. 



lA.iOogle 
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Equations 893 to 897 give Poissoii's Equation in orthogonal 
Cartesian, in cylindrical, in spherical, and in orthogonal curvi- 
linear coordinates. 

893. v"r=i>/r+i>,'F-i-i>,'r=-4 7rp. 

894. yI>,(r.D,V) + ^De'V+D,'r=-iTrp. 

895. sine ■DJr'I>,r) + ^^ 

+ De (sin 0-D,r) = - 4 jrpr^ sin ft 

896. hc*-Di'V+h^'-D„^r+ki''Di''r 

+ D^V- V'f + D,, V- V*, + D^ r . V'^ = - 4 irp. 

S97.*,.*,..,{i>,(i.Ar)+D.(A..Ar) 

G. — Certain Constants. 

IT = 3.14159 26535 89793 

log„ IT = 0.49714 98726 94134 

- = 0.31830 98861 83791 

5r" = 9.86960 44010 89359 

•/i = 1.77246 38509 06516 

log,, 2 = 0.30102 99956 63981 

e = 2.71828 18284 59045 

logio 6 = 0.43429 44819 03252 

log, 10 = 2.30258 50929 94046 

log,2 = 0.69314 71805 59945 

log„ log,. e = 9.63778 43113 00637 

log. IT = 1.14472 98858 49400 



biGoogk' 



INTERPOLATION. 

If values of an analytic function,/(x), are given In a table for a number 
of values of the argument *, separated from one anotlier consecutively by 
the constant small interval, !, the differencefi between successive tabular 
values of the funolioa are called Jfr*[ tabular differences, the difierences of 
these first differences, aeconi tabular differences, and so on. The tabular 
differences of the first, second, third, and fourth orders corresponding to 



Aj=/(a + 3)-/(a), 
Ai=/(a + 2S)-2 -/{a + S)+f(a), 
Aa ~f{a + 3 S) - 3 ./(a + 2 3) + 3 -/{a + S) -/{a), 
^=na + 4 8) - 4 -/(a + 3 8) + 6 ■/(« + 2 8) - 4 -/{a + 8) +/(«), 
where/(o) is any tabulated value. 

The value of the function for x — {a + h), where A = fc3, is 

^ '"-■) ...x '"-""-g) ,.. 



/(« + i)=/(«) + l;-4,+- 



, t(t-l)<t-2)(t- 



N. 





1 


2 


3 


4 


5 


G 


7 


8 


9 


0.0 




S.39.S 


6.08S 


6.493 


6.781 


7.004 


7.1 S7 


7,341 


7.474 


7.592 


0.1 


•j.m 


7 793 


7.KS0 


7,960 


S.034 


8.103 


8.167 


8,228 


8.285 


8,339 


02 


8.391 


S.439 


8.4SG 


8.530 


8,573 


8.614 


8.653 


3.691 


8,727 


S.762 


0.3 


8-796 


8.S29 


8-SGl 


8.891 


8,921 


8.950 


8.978 


9.006 


9.032 


9.058 


0.4 


9,0S4 


9.1 (XS 


9,1,32 


9-1 .Sft 


9.179 


9,201 


9223 


9,245 


9.266 


9.2S7 


O.S 


9.307 


9.327 


9,346 


9.365 


9.384 


9,402 


9.420 


9.4.^8 


9,4.55 


9.472 


0,6 


9,489 


9.S06 


9„S22 


9.538 


9.551 


9,56? 


9.5S4 


9,600 


9.614 


9.629 


0.7 


9.643 


9.658 


9.671 


9,6R.> 


9.699 


9,712 


9.726 


9,739 


9.752 


9.764 


0.8 


9.777 


9,789 


9802 


9,814 


9.826 


9,837 


9.849 


9.R61 


9,872 


9.883 


0.9 


9.S95 


9.906 


9.917 


9.927 


9.938 


9,949 


9,959 


9.970 


9.980 


9.990 



log, X = logio X ■ log, 10 = (2. 
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The Natural Logarithms of Numbers between ].0 and 9.9. 



1.386 ] 

1,609 ] 

1.792 ] 

1.946 ] 

2.079 : 

2.197 : 



I 0.095 
; 0.742 
' 1.131 



0.405 ( 

0.916 ( 

1.253 1 

1.504 ] 

1.70.S 1 

1,872 1 



» 0.531 

i 0,993 

. 1,308 

1 1.548 

I 1,740 

' 1,902 

i 2,041 

i 2.163 

I 2.272 



0.642 
1.065 
1.361 

1,589 
1,775 
1.93Z 
2,067 



The Natural Logarithms of Whole Numbers from 10 to 100. 



N. 





1 


2 


3 


4 


5 


« 


7 


8 





1 


2.303 


2.398 


2,485 


?.'iM 


2.639 


Z.708 


2.773 


2.833 


2.890 


2,944 


2 


2.996 


3.045 


3.091 


3,135 


3.178 


3-219 


3,258 


3,296 


3.332 




3 


.1.401 


■.i.m 


3.466 


3.497 


3,.?26 


3.555 


.H,5«4 


.Lfil 1 


3,6,W 


3,664 


4 


3,689 


.3,714 


3,7,1H 


:i,76l 


:i,7fM 


:i,so7 


:t.M?9 


3,H50 


3,871 


3 897, 


6 


^^^?. 


3<JW 


3 9S1 


3,97(1 


,-(,989 


4,007 


4 025 


4041 


4060 


4.078 


6 


4,094 


4,111 


4.127 


414,1 


4.159 


4.174 


4,190 


4.205 




4.234 


7 


4.248 


4.263 


4.277 


4.290 


4,304 


4.317 


4,331 


4,344 


4-357 








4.394 




4.419 


4,431 


4.443 


4.454 








9 


4 5(Kl 


4.511 


4,5^.2 


4,5,l:i 


4.543 


4,5,S4 


4,564 


4,575 


4 58S 


4,59S 


10 


4,605 


4,615 


4.625 


4.635 


4-644 


4.654 


4,663 


4,673 


4.682 


4.691 



The Values in Circular Measure of Angles which are given ir 
Degrees and Minutes. 
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Equivalents of Radians In Degrees, Minutet, and Seconds of Arc. 


RadiaDB. 


Equivalents. 


Kitdians. 




0^)001 


0° O-20".6 


0-6000 


34°22'38".9 


0.0002 


0" 0-41".3 


0-7000 


40' 6'25",4 


0.0003 


0° 1'01".9 


0.8000 


45=.W11".8 


0.0004 


0^ 1'22".5 


0.9000 


5P33'58".3 


0.0005 


0" l'43".l 


I.OOOO 


57°17'44".8 


0.0006 


0° 2-03".8 


2.0000 


114=3S'29".6 


0.0007 


0° 2'24".4 


3.0000 


171°53'14".4 


0.0008 


0° 2'45".0 


4,0000 


229= 10- S9".2 


0.0009 


0° 3'05".6 


5.0000 


286"28'44".0 


0.0010 


0° 3'26".3 


6.0000 


343''46'28".8 


0.0020 


0° 6'52".S 


7.0000 


401° 4'13".6 


0.0030 


0° 10' 18".8 


8.0000 


458=21'S8".4 


0.0040 


0'13'45".l 


9.0000 


515<'39'43"J 


0.0050 


0°17'11".3 


10.0000 


572= 57' 28".l 


0.0060 


O°20'37".6 


20.0000 


114S''54'56".l 


0.0070 


0°24'03".9 


30.0000 


171S=52'24".2 


0.0080 


0°27'30".l 


40.0000 


2291''49'52",2 


0,0090 


0°30'56".4 


50.0000 


2S64''47'20".3 


0.0100 


0°34'22-.6 


60.0000 


3437°44'48",4 


0.0200 


P 8'45".3 


70.0000 


4010=42' 16".4 


0.0300 


1° 43' 07".9 


80.0000 


4583° 39' 44" .5 


0.0400 


2=17'30".6 


90.0000 


5156'>37'ir.6 


0.0500 


2''51'53".2 


100.0000 


S729''34'40".6 


0.0600 


3° 26- 15".9 


2ir= 6.28319 


360° 


0.0700 


4' 0'38".5 


4 ;r = 12.56637 


720° 


0.0800 


4°3,?'0I".2 


6(r = 18.S49.S6 


1080° 


0.0900 


S° 9'23".S 


8(1 = 25.13274 


1440° 


0.1000 


S''4y46".S 


10jr = 31.41593 


1800° 


0.2000 


11''27'33".0 


12^ = 37.69911 


2160° 


0.3000 


17°11'19".4 


14 jr = 43.98230 


2520° 


0.4000 


22°5S'05".9 


16 nr = 50.26548 


2880° 


O.S000 


28°38'52".4 


18 «• = 56.54867 


3240° 



b,Googlc 



The Square Roots of Certain Number* between 0.0 and 11. 





.0 


.. 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 





0.000 


0.316 


0.447 


0.548 


0.632 


0.707 


0.775 


0.837 


0.894 


0,949 


1 


1.000 


1.049 


1.095 


1.140 


1.183 


1.225 


1.265 


1,304 


1.342 


1.378 


2 


1.414 


J. 449 


1.48.-( 


1.517 


1..549 


l.,581 


1,612 


1.643 


1,673 


1.70.3 


a 


1.7.32 


1.7A1 


1.739 


1.817 


1.844 


1.871 


1.897 


1.9Z4 


l,»t9 


1.975 


4 


2.000 


2.0?..1 


2.049 


2.074 


2.098 


2.121 


2.145 


2.168 


2.191 


2,214 


6 


2.236 


2.258 


2,280 


2,302 


2.324 


2.345 


2.366 


2.387 


2.408 


2.429 


6 


2.449 


2.470 


2.490 


2.510 


2..5.10 


2.5.50 


2.569 


2.588 


2.608 


2.627 


7 


2.646 


2.665 


2.683 


2.702 


2.720 


2.739 


2.757 


2.775 


2,793 


2.8U 


8 


2.828 


2.846 


2.864 


2.881 


2.898 


2.915 


2.933 


2,950 


2.966 


2.983 


9 


3.000 


3.017 


3.033 


3.050 


3.066 


3.082 


3.098 


3,114 


3.130 


3.146 


10 


3.162 


3.178 


3.m 


3.209 


3.225 


3.240 


3.256 


3.271 


3.286 


3.302 





The Square Roots of Whole Numbers batween 10 and 100. 






0.0 


1.0 


3.0 


3.0 


4.0 


5.0 


6.0 


7.0 


8.0 


9.0 


1 


3.162 


3.317 


3.461 


3.606 


3.742 


3.873 


4.000 


4.123 


4.243 


4.359 


2 


4.472 


4.583 


4.690 


4.796 


4.S99 


5,000 


5,099 


,5,1% 


5.292 


5.385 


3 


5.477 


5.568 


5.657 


5.74S 


5.S1I 


5.916 


6,000 


6.083 


6.164 


6.245 


4 


6.325 


6.403 


6.481 


6,557 


6.633 


6.708 


6,782 


6.856 


6.928 


7.000 


6 


7.071 


7.141 


7.211 


7.280 


7.348 


7,416 


7.483 


7.550 


7.616 


7,681 


6 


7.746 


7.810 


7.874 


7.9.17 


8.000 


8.062 


8,124 


8.185 


3.246 


8„307 


7 


8.367 


8.426 


8.485 


8.544 


8.602 


8,660 


8,718 


8.775 


8.832 


8.888 


8 


8.944 


9.000 


9.055 


9.110 


9.165 


9.220 


9.274 


9.327 


9.381 


9,434 


9 


9.487 


9.539 


9.592 


9.644 


9.695 


9,747 


9,798 


9.849 


9.900 


9.950 



b, Google 



The Common Logarithms of e^ and e-^. 


. 


logioe' 


log.o^ 


0,00001 


0.0000043429 


T-9999956571 


0,00002 


0.00000868S9 


1-9999913141 


0.00003 


0.0000130288 


T-9999869712 


0.000<H 


0.0000173718 


1,9999826282 


o.oooos 


0,0000217147 


1,9999782853 


0.00006 


0,0000260577 


1,9999739423 


0.00007 


0,0000304006 


1.9999695994 


0,00008 


0,0000347436 


1,999%S2564 


0.00009 


0,0000390865 


1,9999609135 


0.00010 


0,000(H34294 


1,9999565706 


0.00020 


0,0000868589 


1-9999131411 


0.00030 


0,0001302883 


1-9993697117 


0,00040 


0,0001737178 


1.9998262822 


0.00050 


0,0002171472 


1,9997828528 


0.00060 


0,0002605767 


1-9997394233 


0.00070 


0,0003040061 


1.9996959939 


0.00080 


0,0003474356 


1,9996525644 


0.00090 


0,0003908650 


1.9996091350 


0.00100 


0,0004342945 


1-9995657055 


0.00200 


0,0008685890 


T-9991314110 


0.00300 


0,0013028834 


1-9986971166 


0.0W00 


0,0017371779 


1-9982628221 


0,00500 


0,0021714724 


1.9978285276 


0.0O6OO 


0,0026057669 


1,9973942331 


0.00700 


0.0030400614 


1,9969599386 


0.008O0 


0.0034743559 


1.9965256141 


0.00900 


0,0039086503 


1.9960913497 


0.01000 


. 0,0043429448 


1-9956570552 


0.02000 


0.0086858896 


1-9913141104 


0.03000 


0,0130288345 


T-986971165S 


0.04000 


0-0173717793 


T-9826282207 


0.05000 


0-0217147241 


1-9732852759 


0.06000 


0.0260576689 


1.9739423311 


0.07O0O 


0-0304006137 


1-9695993863 



b,Googlc 



« 


logiee' 


logioe-' 


0.08000 


0.0347435536 


T.9652564414 


0.09000 


0.0390S65034 


.9609134966 


O.10O00 


0.0434294482 


,9565705518 


0.20000 


0.0868588964 


.9131411036 


OJOOOO 


0,1302883446 


.8697116554 


0.40000 


0.1737177928 


1.8262822072 


0.50000 


0.2171472410 


1,7828527590 


D.60000 


0.2605766891 


1,7394233109 


0.70000 


0.3040061373 


1,6959938627 


0.80000 


0J47435S8S5 


1,6525644145 


ftWOOO 


0.3908650337 


1,6091349663 


1.00000 


0.4342944819 


1,5657055181 


2.00000 


0.8685889638 


1,1314110362 


3.00000 


1.3028834457 


2,6971165543 


4.00000 


1.7371779276 


2,2628220724 


s.ooooo 


2.1714724095 


3,8285275905 


6.00000 


2.6057668914 


3,3942331086 


7,00000 


3.0400613733 


4,9599386267 


8.00000 


3.4743558552 


4.5256441+48 


9.00000 


3.9086503371 


4,0913496629 


10.00000 


4.3429448190 


5,6570551810 


20,00000 


8.6858896381 


9,31+1103619 


30,00000 


13.0288344571 


14,9711655429 


40.00000 


17,3717792761 


18,6282207239 


50.00000 


21.7147240952 


22,2852759048 


60.00000 


26.0576689142 


27,9423310858 


70.00000 


30.4006137332 


31,5993862668 


80.00000 


34.7435585523 


35,2564414477 


90.00000 


39.0865033713 


40.9134966287 


100.00000 


43.4294481903 


44.S70S518097 


200.00000 


86.8588963807 


87,1411036193 


300.00000 


130.2883445710 


131,7116554290 


400.00000 


173,7177927613 


174,2822072387 


500.00000 


217.1+72+09516 


218,8527590+8+ 



Note: loge'+c = loge' + logei'. Thus, logeiiawra = 49.139465130. 



by Google 



The Values of e~' for Certain Values of x. 



T 


logioe-' 


e-x 


- 


iogi»e-' 


e-' 


- 


logioe-- 


«-" 


1/10 


9.9S6571 


0.9W84 


9/5 


9.218270 


0.16530 


11 1^ 


7.285659 


0.00193 


1/8 


9.945713 


0.88250 


2 


9.131411 


0.13533 


32/5 


7.220S1S 


0.00167 


1/6 


9.927618 


0.84648 


9/4 


9.022837 


0.10540 


7 


6.959939 


0.00091 


1/S 


9.913141 


0.81873 


5/2 


8.914264 


0.08209 


36/5 


6.873030 


0.0007S 


1/4 


9.891426 


0.77880 


3/3 


8S41S81 


0.06948 


8 


6.525644 


0.00034 


1/3 


9.855235 


0.71653 


3 


8.697117 


0.04979 


81/10 


6.482215 


0.00030 


2/S 


'is.wrni 


0.67032 


25/8 


8.642830 


0.W394 


49/6 


6.453252 


0.00028 


1/2 


9.782853 


0.60653 


16/5 


8.610253 


0.04076 


25/3 


6.380S79 


0.00024 


11 1 


9.710470 


051342 


18/5 


8.436540 


0.02732 


9 


6.091350 


0flOO12 


4/5 


9.652564 


0.44933 


4 


8.262822 


001832 


49/5 


5,743914 


0.00006 


9/10 


9.609I3S 


0.40657 


25/6 


8.190439 


0,01550 


10 


5.657055 


0.0O0O4 


1 


9.565706 


0,36788 


9/2 


8.04S675 


0.011 11 


32/3 


5.367526 


0,00002 


9/8 


9.511419 


0.3246S 


49/10 


7.871957 


0.00745 


1] 


5.222761 


0.00002 


4/3. 


9.420941 


0.26360 


5 


7.828528 


0.00674 


12 


4.788467 


0.00001 


3/2 


9.348SS8 


0.22313 


6 


7.394233 


0.00248 


13 


4.3S4173 


0.00000 


8/5 


9305129 


0.20190 


49/8 


7.339946 


0.00218 


14 


3.919877 


0.00000 



These quantities with the numbers in the preceding table a 
puUng tlie values of series of the form 



by Google 



sin-ifc 


A' 


E 


siii-ifc 


K 


E 


8in-'t 


K 


E 


0° 


U708 


1.5703 


30° 


1.6858 


1,4675 


60° 


2.1565 


1,2111 




1.5709 


1.5707 


31° 


1.69+1 


1,4608 


61° 


2.1342 


1.201S 


2° 


I.S713 


1.5703 


32° 


1.7028 


1,4539 


62° 


2.2132 


1,1920 


3" 


1.5719 


1.5697 


33° 


1.7119 


1,4469 


63° 


2.2435 


1.1826 


4" 


1.S727 


1.5689 


34° 


1.7214 


1.4397 


64° 


2.2754 


1.1732 


S» 


1.S738 


1.S678 


35° 


1.7312 


1,4323 


65° 


2,3088 


1.1638 


6" 


1.S751 


1.5665 


36° 


1.7415 


1.4Z48 


66° 


23439 


1.1545 


7° 


1.S767 


1.5649 


37° 


1.7522 


1.4171 


67° 


2.3809 


1.1453 




1.5785 


1.5632 


38° 


1.7633 


1.4092 


68° 


2,4198 


1.136Z 


9° 


1.5805 


1.56U 


39° 


1.7748 


1.4013 


69° 


2.4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1,1184 


11° 


1.5854 


1.556+ 


41° 


1,7992 


1.3849 


71° 


2,5507 


1,1096 


12° 


1.5882 


1.5537 


42° 


1.812Z 


U765 


72° 


2.S993 


1,1011 


13° 


1.5913 


1-SS07 


43° 


1.8256 


1J680 


73° 


2.6521 


1,0927 


14" 


1.S946 


1.5476 


44° 


1.8396 


1J594 


74° 


2.7081 


1.084+ 


1S° 


1.S9S1 


1.5+42 


+5° 


1.8541 


1.3506 


75° 


2.7681 


1,076+ 


16° 


1.6020 


1.S40S 


46° 


1.8691 


1J418 


76° 


2,8327 


1,0686 


17° 


1.6061 


1,5367 


47° 


1.8848 


1.3329 


77° 


2,9026 


1,0611 


18° 


1.6105 


1.5326 


4S° 


1.9011 


1.3Z38 


78° 


Z.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


1,3147 


79° 


3,0617 


1,0468 


20° 


l,6Z00 


1.5238 


50° 


1,9356 


1J055 


80° 


3,1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1,9539 


1.2963 


81° 


3,2553 


1,0338 


22° 


1.6307 


1.5141 


52° 


1,9729 


1,2870 


82° 


3,3699 


1,0278 


23° 


1£365 


1.5090 


53° 


1,99Z7 


1.2776 


83° 


3,5004 


1,0223 


24° 


1.6426 


1.5037 


54° 


2.0133 


1,2681 


84° 


3.6519 


1,0172 


25° 


1.6490 


1.4981 


55° 


2.0347 


1.2587 


85° 


3.8317 


1.0127 


26° 


1.6557 


1,492+ 


56° 


2,0571 


1.2492 


86° 


4.0528 


1,0086 


27° 


1.6627 


1.4364 


57° 


2,0804 


1,2397 


87° 


4J387 


1,0053 


28° 


1.6701 


1.4803 


58° 


Z.1047 


1,2301 




4,7427 


1.0026 


29° 


1.6777 


1.4740 


59° 


Z,1300 


1.2206 


89° 


5,43+9 


1.0003 



b, Google 



Values of F{k, #) for Certain Vafues of k and 0. 

Jo Vl-t!ainii 



•p 


(r=^sin-'fc. 






















0° 


10° 


15° 


30^ 


45° 


60° 


75° 


80° 


90° 


r 


0.0174 


0,0174 


0.0171 


0.0174 


0.017+ 


0,0174 


0,0174 


0,0174 


0.0174 


2? ' 0,0349 


0.0349 


0.0349 


0.0349 


0,0349 


0.0349 


0.0349 


0,0349 


0.0349 


3" 


0,0524 


0.0524 


0,0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0,0524 


4° 


0.0698 


0.0698 


0,0698 


0.0698 


0,0698 


0.0699 


0.0699 


0.0699 


0,0699 


S" 


0.0873 


0.0873 


0,0873 


0.0873 


0,0873 


0.0874 


0.0874 


0.0874 


0.0874 


10° 


0.1745 


0.1746 


0.1746 


01748 


0,1750 


0.1752 


0,1754 


0.1754 


0.1754 


15" 


0.2613 


0.2619 


0,2620 


0.2625 


0,2633 


0.2641 


0.2646 


0.2647 


0.2648 


20° 


0.3491 


0,3493 


0,3495 


0.3508 


0,3526 


0.3545 


0,3559 


0.3562 


0.3564 


25° 


0.4363 


0.4367 


0,4372 


0.4397 


0,4433 


0,4470 


0.4498 


0.4504 


0.4509 


30" 


0.5236 


0.5243 


0,5251 


0.5294 


0.53S6 


0.5422 


0.5474 


0.5484 


0.5493 


35° 


0.6109 


0.6119 


0,6132 


0.6200 


0,6300 


0,6408 


0,6495 


0,6513 


0.6528 


40° 


0.6981 


0.6997 


0.7016 


0.7116 


0,7267 


0,7436 


0,7574 


0,7604 


0.7629 


J 50 


07854 


0.7876 


0.7902 


0.8044 


0.8260 


0,8512 


0,8727 


0,8774 


0,8814 


50° 


0.8727 


0.87S6 


0.8792 


0,8982 


0.9283 


0,96(6 


0.9971 


1,0044 


1.0107 


55° 


0.9599 


0.9637 


0.9683 


0,9933 


1.0337 


1,0848 


1,1331 


1,1444 


1.1542 


60° 


1.0472 


1.0519 


1.0577 


1-0896 


1,1424 


1.2125 


1,2837 


1.3014 


1,3170 


65° 


1,1345 


1.1402 


1.1474 


1.1869 


1.2S4S 


1.3489 


1,4532 


1,4810 


1,5064 


70° 


1.2217 


1.2286 


1.2373 


1.2853 


1.3697 


1.4944 


1.6468 


1,6918 


1,7354 


75° 


1.3090 


U171 


1.3273 


1,3846 


1,4879 


1,6492 


1.8714 


1,9468 


2,0276 


80° 


1.3963 


1.4056 


1.4175 


1,4846 


1.6085 


1,8125 


2.1339 


2.2653 


2,4362 


85° 


1.4835 


1.4942 


1.5078 


1,5850 


1.7308 


1,9826 


2.4366 


2,6694 


3,1313 


86° 


1.5010 


1,5120 


1.5259 


1.6052 


1.7554 


2.0172 


2,5013 


2.7612 


3.3547 


87° 


1.5184 


1,5297 


1.5439 


1,6253 


1,7801 


2.0519 


2,5670 


2.8561 


3.6425 


88° 


1.5359 


1,5474 


1.5620 


1,6454 


1,8W7 


2.0867 


2.6336 


2.9537 


4.0481 


89° 


].5S33 


1,5651 


1.SS01 


1,6656 


1,8294 


2,1216 


2,7007 


3,0530 


4.7414 


90° 


1.5708 


1,5828 


1,.5981 


1,6858 


1,8541 


2-1565 


2.7681 


3-1534 


IiiE. 



b, Google 



Values of E(kt ^) for Certain Values of ir and ^. 
E{k,<p)= j Vl - t^Bin^z-dz. 



« 


tr = sm-ifc. 






















0° 


MP 


1S° 


30° 


45 


60° 


75° 


80° 


90^ 


1° 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0-0174 


0.0174 


z> 


0.0349 


0.0349 


0.0349 


0.0349 


0.0349 


0,0349 


0.0349 


0.0349 


0.0349 


y 


0.0524 


0.0S24 


0.0S24 


0.0524 


00524 


0,0523 


00523 


0.0523 


0.0523 


4° 


0.0698 


0.0698 


0,0698 


0.0693 


0.0698 


0,0698 


0.0698 


0.0698 


0.0698 


s- 


00873 


0.0873 


0,0873 


0.0872 


0-0872 


0.0872 


00872 


0-0872 


0,0872 


10° 


0.1745 


0,1745 


0.1745 


0.1743 


01741 


0.1739 


0,1737 


0.1737 


0,1736 


IS" 


0.Z618 


0.2617 


0,2616 


0.2611 


0.2603 


0,2596 


02590 


02589 


0,2588 


20= 


0.3491 


0.3489 


0.3486 


0.3473 


0.3456 


0.3438 


0,3425 


0.3422 


0.3420 


25° 


0-4363 


0,4359 


0,4354 


0.4330 


0.4296 


0,4261 


04236 


0.4230 


0,4226 


SOP 


0.S236 


0.5229 


0.5221 


0.5179 


0.5120 


0.5061 


0,5016 


05007 


0,5000 


33= 


0.6109 


0,6098 


0.6085 


0.6019 


0,5928 


0,5833 


0.5762 


0.5748 


0.5736 


40= 


0.6981 


0,6966 


0,6947 


0.6851 


0.6715 


0,6575 


0.6468 


0,6446 


0.6428 


45" 


0.78S4 


0,7832 


0,7806 


0.7672 


0.7482 


0,7282 


0.7129 


0,7097 


0.7071 


SO' 


0.8727 


0.8698 


0,8663 


0.8483 


0.8226 


0.7954 


0.7741 


0,7697 


0.7660 


55" 


0.9599 


0.9562 


0,9517 


0.9284 


0.8949 


0.8588 


0.8302 


0.8242 


0.S192 


60" 


1.0472 


1.0426 


1,0368 


1,0076 


0.9650 


0.9184 


0.8808 


0,8728 


0,8660 


65" 


1.134S 


1.1288 


1,1218 


1,0858 


1.0329 


0,9743 


0.9258 


0,9152 


0,9063 


70° 


1-2217 


1.2149 


1.Z065 


1,1632 


1.0990 


1.0266 


0-9652 


0.9514 


0,9397 


75=' 


1.3090 


1.3010 


1,2911 


1.2399 


1.1635 


1.0759 


0.9992 


0.9814 


0,9659 


80° 


1.3963 


1.3870 


1,3755 


1.3161 


1.2266 


1,1225 


1.0282 


1.0054 


0,9848 


85' 


1.4835 


1.4729 


1,4598 


1.3919 


1.2889 


1,1673 


1.0534 


1.0244 


0.9962 


86" 


1.5010 


1.4901 


1,4767 


1.4070 


1,3012 


1.1761 


1-0581 


1.0277 


0.9976 


8?" 


1.5184 


1.5073 


1,4936 


1,4221 


1,3136 


1,1848 


1,0628 


1.0309 


0,9986 


88° 


I.S3S9 


1.S24S 


1S104 


1,4372 


1,3260 


1,1936 


1,0674 


1.0340 


0,9994 


89° 


1.5533 


1.5417 


1.5273 


1,4524 


1,3383 


1,2023 


1,0719 


1.0371 


0,9998 


90° 


1,5708 


1.5589 


1.5442 


1.4675 


1,3506 


1,2111 


1-0764 


1.0401 


1,0000 
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TABLES. 
Hyparbolic Functions. 



■ " 


" 


e-^ 


sinlu 


Goshz 


1 

gax j 


0.00 


l.OOOO 


1,0000 


0.0000 


1,0000 


0?000O 


.01 


1.0100 


0.9gp0 


.0100 


1,0000 


0.5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1.1458 : 


.03 


1.0305 


.9704 


.0300 


1.0004 


1.7186 


.04 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.05 


1.0513 


.9512 


,0500 


1,0013 


2.8636 


.06 


1.0618 


.9418 


.0600 


1.0018 


3.4357 


.07 


1.0725 


.9:^24 


,0701 


1.0025 


4,0074 


.08 


1.0833 


,9231 


.0801 


1,0032 


4.5783 


.09 


1.0942 


.9139 


.0901 


l.OCMl 


5.1497 


.10 


1.1052 


.9048 


.1002 


1.0050 


5.720 


.11 


1.1163 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 




.1203 


1.0072 


6.859 


.13 


1.1388 


!8781 


.1304 


1.0085 


7.428 


.14 


1.1503 


.8694 


.1405 


1.0098 


7.995 


.15 


1.1618 


,8607 


.1506 


1.0113 


8.562 


.16 


L173S 


,8521 


.1607 


1.0128 


9,128 


.17 


1.1853 


.mi 


.1708 


1.0145 


9.694 


.18 


1.1972 


,8353 


.1810 


1,0162 


10.258 


.19 


1.2092 


,8270 


.1911 


1.0181 


10.821 


.20 


1.2214 


.8187 


.2013 


1.0201 


11.384 


.21 


1.2337 


.8106 


.2115 


1.0221 


11.945 


.22 


1.2461 


.8025 


.2218 


1.0243 


12.505 


.23 


1.2586 


.7945 


.2320 


1.0266 


13.063 


.24 


1.2712 


.7366 


,2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.03H 


14.177 


.26 


1.2969 


.7711 


.2629 


1.0340 


14.732 


.27 


1.3100 


.7634 


,2733 


1.0367 


15.285 


.28 


1.3231 


.7558 


.2837 


I.039S 


15.837 


.29 


1.3364 


.7483 


,2941 


1.0423 


16.388 


.30 


1.3499 


.7408 


,3045 


1.0453 


16.937 


.31 


1.3634 


.7334 


.3150 


1.W84 


17.484 


.32 


1.3771 


,7261 


,3255 


1.0516 


18.030 


.33 


1.3910 




.3360 


1.0549 


18.573 


.34 


1.4049 


^7118 


.3466 


1.0584 


19.116 


.35 


1.4191 


.7047 


.3572 


1.0619 


19.656 


.36 


1.4333 


.6977 


.3678 


1.0655 


20.195 


.37 


1.4477 


.6907 


.3785 


1,0692 


20.732 


.38 


1.4623 


.6839 


.3892 


1.0731 


21.267 


.39 


1.4770 


.6771 


.4000 


1,0770 


21.800 


.40 


1.4918 


.6703 


.4108 


1.0811 


22.331 


.41 


1.5068 


.6636 


.4216 


1,0852 


22.859 


.42 


1.5220 


.6570 


.4325 


1.0895 


23.386 


.43 


1.5373 


.6505 


.4434 


1.0939 


23.911 


.44 


1.5527 


.6440 


.4543 


1,0984 


24.434 


.45 


1.5683 


.6376 


.4653 


1,1030 


24.955 


.46 


1.5841 


.6313 


.4764 


1,1077- 


25.473 


.47 


1.6000 


.6250 


.4875 


1.1125 


25.989 


.43 


1.6161 


.6188 


.4986 


1.1174 


26. .WS 


.49 


1.6323 


.6126 


.5098 


1.1225 


27.015 


O.SO 


1.6487 


0.6065 


0.5211 


1.1276 


27!S24 
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TABLES. 
Hyperbolic Functions. 



. 


e* , 


^. 


sinlix 


cosh I 


gdx 




0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27?S24 




• .51 


1.6653 


.6005 


.5324 


1.1329 


28.031 




.52 


1.6S20 


.5945 


.5438 


1.1383 


28.535 




.53 


1.69S9 


.5886 


.5552 


1.1438 


29.037 




.54 


1.7160 


.5827 


.5666 


1.1494 


29.537 




.55 


1.7333 


.5770 


.5782 


1.1551 


30.034 




M 


1.7507 


.5712 


.5897 


1.1609 


30.529 




.57 


1.7683 


.5655 


.6014 


1.1669 


31.021 




.58 


1.7860 


.5599 


.6131 


1.1730 


31.511 




.59 


i.smo 


.5543 


.6248 


. 1.1792 


31.998 




.60 


1.8221 


.5488 


.6367 


1.1855 


32.483 




.61 


1.8404 


.5433 


.6485 


1.1919 


32.965 




.62 


1.S589 


.5379 


.6605 


1.1984 


33.444 




.63 


1.8776 


.5326 


.6725 


1.2051 


33.921 




.64 


1.8%5 


.5273 


.6846 


1.2119 


34.395 




.65 


1.9155 


.5220 


.6967 


1.2188 


34.867 




.66 


1.9348 


.5169 


.7090 


1.2258 


35.336 




.67 


1.9542 


.5117 


.7213 


1.2330 


35.802 




.68 


1.9739 


.5066 


.7336 


1.2402 


36.265 




.69 


1.9937 


.5016 


.7461 


1.2476 


36.726 




.70 


2.0138 


.4966 


.7586 


1.2552 


37.183 




.71 


2.0340 


.4916 


.7712 


1.2628 


37.638 




.72 


2.0544 


.4867 


.7838 


1.2706 


38.091 




.73 


2.0751 


.4819 


.7966 


1.2785 


38.540 




.74 


2.0959 


.4771 


.8094 


1.2865 


38.987 




.75 


2.1170 


.4724 


.3223 


1.2947 


39.431 




.76 


2.1383 


.4677 


.8353 


1.3030 


39.872 




.77 


2.1598 


.4630 


.8484 


1.3114 


40.310 




.78 


2.1815 


.4584 


.8615 


1.3199 


40.746 




.79 


2.2034 


.4538 


.3748 


1.3286 


41.179 




.80 


2.2255 


.4493 


.8881 


1.3374 


41.608 




.81 


2.2479 


.4449 


.9015 


1.3464 


42.035 






2.2705 


.4404 


.91.50 


1.35.55 


■12.460 




'.&3 


2.2933 


.4360 


.9286 


1.3647 


42.881 




.84 


2.3164 


.4317 


.9423 


1.3740 


43.299 




.85 


2.3396 


.4274 


.9561 


1.3835 


43.715 






2.3632 


.4232 


.9700 


1.3932 


44.128 




is? 


2.3869 


.4190 


.9840 


1.4029 


44.. 537 






Z.4109 


.4148 


.9981 


1.4128 


44.944 




'.m 


2.4351 


.4107 


1.0122 


1.422;> 


45.348 




.90 


2.4596 


.4066 


1.0265 


1.4331 


45.7.50 




.91 


2.4843 


.4025 


1.0409 


1.4434 


46.148 




.92 


2.5093 


.3985 


1.0554 


1.4539 


46.544 




.93 


2.5345 


.3946 


1.0700 


1.4645 


46.936 




.94 


2.5600 


.3906 


1.0847 


1.4753 


47.326 




.95 


2.5857 


.3867 


1.0995 


1.4862 


17.713 




.96 


2.6117 


.3829 


1.1144 


1.4973 


48.097 




.97 


2.6.179 


.3791 


1.1294 


1..50S5 


48.478 




.98 


2.6645 


.37.53 


1.1446 


1.5J99 


48.857 




.99 


2.6912 


.3716 


1.1.598 


1.5314 


49.232 




1.00 


2,7183 


0.3679 


1.17,52 


1.5431 


49!605 
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TABLES. 
Hyperbolic Functions. 



' 


IttinUx 


(cosh J 




lainhx 


leoshx 


I 


iBlnhx 


Icoebx 


1.00 


0.0701 


0.1S84 


l.SO 


0.32S2 


0.3715 


2.00 


0.5595 


0.5754 


1.01 


.0758 


.1917 


1.51 


.3330 


,37.'>4 


2.01 


..S640 


.5796 


1,02 


.OSIS 


.1950 


1.52 


.3378 


.3794 


2,02 


.5635 


..5S3S 


1.03 


.0871 


,1984 


1..S3 


..3426 


.3833 


2.03 


.5730 


.5SS0 


l.M 


.0927 


.2018 


1.54 


.3474 


.3873 


2.04 


.5775 


.5922 


1.05 


.0982 


.2051 


1 5'i 


.3521 


.3913 


2.05 


.5820 


.5964 


1.06 


.1033 


.2086 


1 56 


.3,^69 


.3952 


2.06 


.5865 


.6006 


1.07 


.1093 


.2120 


J S7 


.3616 


.3992 


2.07 


.5910 


.6048 


l.OS 


.1148 


,2154 


1 S8 


,3663 


.4032 


2.08 


.5955 


.6090 


1.09 


,1203 


,2189 


159 


.3711 


.4072 


2.09 


.6000 


.6132 


1.10 


.1257 


,2223 


1 60 


.3758 


.4112 


2.10 


.6044 


.6175 


1.11 


.1311 


.2258 


161 


.3805 


.4152 


2.11 


.6089 


.6217 


1.12 


.1365 


,2293 


162 


.,3852 


,4192 


2.12 


.6134 


.6259 


1.13 


.1419 


,2328 


1 63 


.3SW 


.4232 


2.13 


.6178 


.6301 


l.U 


.1472 


.2364 


164 


.3946 


,4273 


2.14 


.6223 


.6343 


I.IS 


.1525 


.2399 


1 6'; 


.3992 


,4313 


2.15 


,6268 


.6386 


1.16 


.1578 


.2435 


1 66 


.4039 


.4353 


2.16 


.6)12 


.6428 


1.17 


.1631 


.2470 


]67 


.4086 


,4394 


2.17 


.6357 


.6470 


1.18 


.1684 


.2';06 


16b 


.4132 


.4434 


2.18 


.6401 


.6512 


1.19 


.1736 


.2S42 


169 


.4179 


.44/5 


2,19 


.6446 


.6555 


1.20 


.1788 


.2578 


1 70 


.4225 


.4515 


2,20 


.6491 


.6597 


1.21 


.1840 


.261? 


1 71 


.4272 


.4556 


2.21 


.6535 


.6640 


1.22 


.1892 


.26^1 


1 72 


.4318 


.4597 


2.22 


.6530 


.6682 


1.23 


.1944 


.2086 


1 73 


.4364 


.4637 


2.23 


.6624 


.6724 


1.24 


.1995 


.2724 


1.74 


.4411 


.4678 


2.24 


.6668 


.6767 


1.25 


.2(M6 


,2761 


1.75 


.4457 


.4719 


2.25 


,6713 


.6309 


1.26 


.2098 


.2798 


1.76 


,4503 


.4760 


2.26 


.6757 


,63,52 


1.27 


.2148 


,2835 


1.77 


.4.^49 


.4801 


2.27 


.6802 


.6894 


1.28 


.2]99 


.2872 


1.7S 


.4595 


,4842 


2.28 


,6846 


.6937 


1.29 


.2250 


.2909 


1.79 


.4641 


.4883 


2.29 


,6890 


.6979 


1.30 


.2300 


.2947 


1.80 


.4687 


.4924 


2., 30 


.6935 


.7022 


1.31 


.2351 


.2984 


1.81 


,4733 


.496,S 


2.31 


.6979 


.7064 


1.32 


.2401 


.3022 


1.82 


.4778 


..5006 


2.32 


.7023 


.7107 


1.33 


.2451 


.3059 


1.83 


.4824 


.5048 


2.33 


.7067 


.7150 


1.3+ 


.2501 


.3097 




.4870 


.5089 


2.34 


.7112 


.7192 


1.35 


.2551 


.313.'; 


1.85 


.4915 


.5130 


2.35 


.7156 


.7235 


1.36 


.2600 


.3173 


1.86 


.4961 


.5172 


2.36 


.7200 


.7278 


1.37 


.26.S0 


.3211 


1.S7 


.5007 


.5213 


2.37 


.7244 


.7320 


1.38 


.2699 


.3249 




.5052 


,5254 


2.33 


.7289 


.7363 


1.39 


.2748 


.3288 


1.89 


.5098 


.5296 


2.38 


.7333 


.7406 


1.40 


.2797 


.3326 


1.90 


.5143 


,5337 


2,40 


.7377 


,7448 


1.41 


.2&16 


.3365 


1.91 


.5183 


,5379 


2.41 


.7421 


.7491 


1.42 


.2895 


.3403 


1.92 


.5234 


.5421 


2.42 


.7465 


.7534 


1.43 


.2914 


.3442 


1.93 


.5279 


.5462 


2.43 


,7509 


.7577 


1.44 


.2'W3 


.3481 


1.94 


.532+ 


.5504 


2.44 


,75.53 


.7619 


I.4S 


.3041 


.3520 


1.95 


.5370 


.5545 


2.45 


,7597 


.7662 


1.46 


.3090 


.3559 


1,96 


.5415 


..«47 ■ 


2.46 


.7642 


.7705 


1.47 


.3138 


.3.S9S 


1.97 


.,S460 


.5629 


2.47 


.7686 


.7748 


1.48 


.3186 


.3637 


1.98 


..'iso,'; 


.,1671 


2.4S 


.7730 


.7791 


1.49 


.3234 


.3676 


1.99 


.55.50 


.5713 


2.49 


.7774 


.7833 


l.SO 


0.32S2 


0.3715 


2.00 


0.5595 


0.5754 


2. .SO 


0.7318 


0.7S76 
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TABLES. 

Hyperbolic Functions. 



" 


Isinhx 


; cosh 2 


'•^ 


(sinhi 


(cosh J 


"'"' 


isinhi 


Icoehx 


2.S0 


0.7818 


0.7876 


2.75 


0.8915 


0.8951 


3.0 


1.0008 


10029 


2..S1 


.7862 


.7919 


2.76 


.8959 


.8994 


3,1 


1,0444 


L0462 


2,52 


.790f. 


.7962 


2,77 


.9003 


.9037 


3.2 




1.0894 


2.53 


.7950 


.8005 


2.78 


.9046 


.9080 


3,3 


1.1316 


1.1327 


2.54 


.7994 


.8048 


2.79 


.9090 


.9123 


3.4 


1.1751 


1.1761 


Z.55 


.S03S 


.8091 


2,80 


.9134 


.9166 


3.5 


1.2186 


1,2194 


2. 56 


.8082 


.6134 


2.81 


.9178 


.9209 


3.6 


1.2621 


1.2628 


2.57 


.8126 


.8176 


2.82 


.9221 


.92.52 


3.7 


1.3056 


1,3061 


2.58 


.8169 


.8219 


2.83 


.926S 


.9295 


3.8 


1.3491 


1.3495 


2.59 


.8213 


,8262 


2.84 


.9309 


.9338 


3.9 


1.3925 


1,3929 


2.60 


.8257 


.8305 


2.85 


.9353 


.9382 


4.0 


1.4360 


1,4363 


2.61 


.8301 


.8348 


2.86 


.93% 


.9425 


4.1 


1.4795 


1.4797 


2.62 


.834.5 


.8391 


2.87 


,9440 


.9468 


4.2 


1,5229 


1.5231 


2.63 


.8389 


.8434 


2.S8 


.9484 


.9511 


4.3 


1.5664 


1.566S 


2.64 


.8433 


.8477 


2.89 


.9527 


.9554 


4.4 


1.6098 


1.6099 


2.65 


.8477 


.SS20 


290 


.9571 


.9597 


4.5 


1,6532 


1,65.33 


2.66 


.8521 


.8563 


2.91 


.9615 


.9641 


4.6 


1.6%7 


1,6963 


2.67 


.8564 


.8606 


2.92 


,9653 


.9634 


4.7 


1.7401 


1.7402 


2.6S 


.8608 


,8649 


2.93 


.9702 


.9727 


4.8 


1.7836 


1,7336 


2.69 


.8652 


.8692 


2.94 


.9746 


.9770 


4.9 


1.8270 


1.8270 


2.70 


.scm 


,8735 


2.95 


,9789 


.9313 


5.0 


1.3704 


1.8705 


2.71 


.8740 


,8778 


2.96 


.9833 


.9856 


6.0 


2.3(M7 


2.3047 


2.72 


.8734 


,8821 


2.97 


.9877 


.9900 


J.O 


2.7390 


2.7390 


2.73 


.8827 


.8364 


2.9S 


,9920 


.9943 


8.0 


3,1733 


3.1733 


2.74 


.8871 


.8907 


2.99 


.9964 


.9986 


9.0 


3,6076 


3.6076 


2.7S 


0.S915 


0.8951 


3.00 


1.0008 


1.0029 


10.0 


4.0419 


4.0419 



For values of x greater than 7.0, ive may write, to five places of deci- 
mals at least, 

logio sitih X - log,,, cosh a = log J e* = a (0,4342945) + 1.CS8S700. 
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The Common LoKarJthmt of r(n) for Values of n between 1 and 2 



" 


1 


. 


1 


" 




" 


1 


• 


1 


1.01 


1.9975 


1.21 


1,9617 


1.41 


1.9478 


1.61 


1.9517 


1.81 


1.9704 


1.02 


1.9951 


1.22 


1.9605 


1.42 


1.9476 


1.62 


1.9523 


1.82 


r.9717 


1.03 


1.9928 


1.23 


T.9S94 


1.43 


1.947S 


1.63 


1.9529 


1.83 


T.9730 


l.(H 


1.9905 


1,24 


1.9583 


1.44 


1.9473 


1.64 


T.9S36 


1.84 


1.9743 


1.05 


1.98S3 


1.25 


T.9573 


1.45 


1.9473 


1.65 


1.9543 


1.85 


1.9757 


1.00 


1.9862 


1.26 


1.9564 


1.46 


T.9472 


1.66 


T.9SS0 


1.86 


1.9771 


1.07 


1.9841 


1.27 


1.9554 


1.47 


T.9473 


1.67 


T.9S58 


1.87 


i.9786 


1.0S 


1.9821 


1-28 


T.9546 


1.48 


T.9473 


1.68 


1.9566 


1.88 


i.9800 


1,09 


1,9802 


1.29 


1.9538 


1.49 


1.9+74 


1.69 


1.9575 


1.89 


1.9815 


1,10 


1,9783 


1.30 


1.9530 


1.50 


1.9475 


1.70 


1.9584 


1.90 


1.9831 


1.11 


i.9765 


1,31 


1.9523 


1.51 


1.9477 


1.71 


1.9593 


1.91 


1.9846 


1.12 


1.9748 


U2 


T.9SI6 


1,52 


r.9479 


1.72 


1.9603 


1.92 


1.9862 


1.13 


1.9731 


U3 


I.9S10 


1.S3 


r.9482 


1.73 


1.9613 


1.93 


1.9878 


1.14 


1.9715 


1J4 


I.950S 


1.54 


1.9485 


1.74 


1.9623 


1.94 


1.9895 


I.IS 


T.9699 


1.35 


1.9500 


1.55 


r.9488 


1.75 


1.9633 


1.9S 


1.9912 


1.16 


1.9684 


1.36 


1.9495 


1.56 


r.9492 


1.76 


i.9644 


1.96 


1.9929 


1.17 


1.9669 


1.37 


1.9491 


1.57 


1.9496 


1.77 


1.9656 


1.97 


1.9946 


1,18 


1.9655 


1,38 


1.9487 


1.58 


1.9501 


1.7S 


1.9667 


1.98 


1.9964 


1.19 


1.9642 


1.39 


1.9483 


1.59 


1.9506 


1.79 


1.9679 


1.99 


1.9982 


1.20 


1.9629 


1.40 


r.9481 


1.60 


1.9511 


1.80 


1.9691 


2.00 


0,0000 
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NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle, 


BID. 


Cm. 


Tun. 


Ctn. 


Sec. 


Cot. 








00 


0.000 




1.000 


1.000 




1 


0.017 


57.30 


0.017 


57,29 


1.000 


1.000 


89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.999 


88 


3 


O.OSZ 


19.11 


0.052 


19.08 


1.001 


0.999 


87 


4 


0.070 


14.34 


0.070 


14,30 


1.002 


0.998 


86 


5" 


0.087 


11.47 








0.9% 


85' 


6 


0.105 


9.567 


0.105 


9,514 


1,006 


0.99S 


84 


7 


0.122 


8.206 


0.123 


8.144 


1,008 


0,993 


83 


8 


0.139 


7.1SS 


0.141 


7.115 


1.010 


0,990 


82 


9 


0.1S6 


6.392 


0.158 


6.314 


1,012 


0.9S8 


81 


10" 


0.174 


5.7.19 


0.176 


5.671 


J. 01 5 


0.985 


80° 


11 


0.191 


5.241 


0.194 


5.145 


1,019 


0.982 


79 


12 


0.20S 


4.810 


0.213 


4.705 


1.022 


0.973 




13 




4.44S 


0.231 


4.331 


1.026 






14 


0.242 


4.134 


0.249 


4.011 


1.031 


0.970 


76 


16° 


0.259 


3.864 








0.966 


76° 


16 


0.276 


3.628 


0.287 




1,0W 


0.961 








3.420 


0.306 


3.271 


1.046 


0.956 






0.309 


3.236 


0,325 


3.078 


1,051 


0,951 


72 


19 


0.326 


3.072 


0.344 


2.904 


1.058 


0946 


71 






2.924 


0.364 




1,064 


0.940 


70° ■ 


21 




2.790 


0.384 


2.605 


1,071 






22 


0.375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0.391 


2.559 


0.424 


2.356 


1.0S6 


0.921 


67 


24 


0.407 


2.459 


0.445 


2.246 


1,095 


0.914 






0421 




0,466 


2.145 


1.103 


O'm 


65° 


26 


0.438 


2.281 


0.488 


2.050 


1,113 


0.899 


64 


27 


0.454 


2.203 


0,510 


1.963 


1,122 


0.891 


63 


28 


0.469 


2.130 


0,532 


1.381 


1,133 


0.883 




29 


0.435 


2.063 


0.554 




1,143 


0.875 


61 


30' 


O.SO0 


2.000 




1.732 


1,155 


0.866 


60^ 


31 


0.5 1.-; 


1.942 


0,601 


1.664 


1.167 


0.857 


69 


32 


0.530 


1,887 


0.625 


1.600 


1.179 


0.848 










0.649 




1,192 


0.839 




34 


0.559 


1,788 


0.675 


1.483 


1,206 


0.829 


56 


35° 


0.S74 


1.743 


0.700 


1.428 


1.221 


0.819 


55' 


36 


0.583 


1.701 


0.727 






0.809 




37 


0.602 


1,662 


0.754 


1.327 


1,252 


0.799 


63 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


52 


39 


0.629 


1.589 


0.810 


1.235 


1,287 


0.777 


51 


40° 


0.643 


1,556 


0.839 




1,305 


0.766 




41 


a656 


1.524 




l.l-SO 


1..325 


0.755 


49 


43 


0.669 


1-494 


0,900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1.367 


0.731 


47 


44 


0.69S 




0.966 


1.036 


1.390 


0.719 


46 


46" 


0.707 


1.414 


1,000 


1.000 


1.414 


0,707 


46° 




Cot 


8«. 


cm. ■ 


T«.. 


Cm. 


ein. 


Angle. 
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TABLES. 

Logantlim& 



M 





1 


3 


3 


4 6 


6 


' 


8 


T 


P.P. 

1. 2. 3. 4. a 


lO 


0000 


0043 


0086 


0138 


0170 


0213 


0263 


0394 


0334 0374 


4. 8.12.1T.21 


11 


0414 0463 0492 


0681 


0569 


0607 


084S 


0682 


0719 


0756 


4 Ml.lMtl 


la 


0792 


0838 0864 0899 


0934 


0969 


1004 1038 


1073 


1106 


3- 7-10.11.17 


X3 


1139 


1173 


1306 


1339 


1371 


1303 


1335 


1367 


1399 


1430 




14 

IS 


1461 


1492 


1533 


1BB3 


1684 


1614 


1844 


1673 


1703 


1733 


3. e. 9.i«.ia 


1761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


3. 6. 8.11.1* 


16 


3041 


3068 


3095 


2122 


2148 


3175 


3301 


2227 


3253 


2270 


3- B. 81113 


17 


2304 2330 


3356 


2380 


2405 


3130 


3455 


3480 


2504 2539 




18 


2663 


3577 


3601 


2626 


2648 


3673 


2696 


3718 


2743 


3765 


2. 6- J. 9-12 


19 
90 


2788 


2810 


2833 


2866 


2878 


3900 


2933 


3945 


3967 


2989 


2 4- 7- 8 11 


3010 


3033 


3064 


307B 


3096 


3118 


3139 


3160 


3181 


3301 


2. 4. 6. 8 11 


21 


3233 


3243 


3SB3 


3384 3304 


3324 


3345 


3365 




3404 


% 4- B- 8.10 


23 


3424 


3444 


3464 


3483 


3602 


3623 


3541 


3B80 


3579 


3598 


2. 4- 6. 6.10 


23 


3617 


3636 


3656 


3674 


3692 


3711 


3739 


3747 


3766 


3781 




24 
85 


3802 


3830 


3838 


3856 


3874 


3892 


3909 


3937 


3945 


3962 


2. 4- B- 1. a 


3979 


3997 


4014 


4031 


4048 


4086 


4082 


4099 


iiie 


4133 


2 3. 6. 7- 9 


26 


4160 


4166 


4183 


4300 


4316 


4232 


4249 


4365 


4381 


4298 




27 


4314 


4330 


4346 


4363 


4378 


4393 


4409 


4426 


4440 


4466 


2. 3- B- 6- 8 


2S 


4473 


4487 


4503 


4518 


4533 


4548 


4564 


4579 


4594 4609 


2. 3. B. 6. 8 


39 
30 


4624 


4639 


4654 


1669 


4883 


4698 


4713 


4728 


4742 


4757 


1.3. 4.6- T 


4771 


4786 


4800 


4814 4839 


4843 


4857 


4871 


4868 


4900 




31 


4914 


4933 


4943 


4956 


4969 


4983 


4997 


GOll 


5024 


5038 


1. 3- 4. a. 7 


32 


6051 


6066 


6079 


6092 


6105 


5119 


5182 


5145 


5159 


5172 




33 


6186 


6198 


6211 


6224 


5337 


5250 


6263 


6376 


6389 


6302 


I- 3. 4. 6- « 


34 

33 


C31G 


6338 


6340 


63B3 


6366 


5378 


6391 


6403 


5416 


5128 


13. 4. S- 8 


S441 


6463 


6466 


G478 


6490 


6602 


6514 


6S37 


6639 


6561 


1- 2. 4. 0. 6 


36 


BB63 


6B76 


6687 


6599 


6811 


6633 


6636 


5647 


5658 


6870 


|. 2. 4- 6. 6 


37 


6683 


669* 6706 


6717 


G739 


6710 


6752 


5763 


5775 


5786 




38 


D798 


5809 


6821 


5832 


5813 


6855 


6866 


5877 


5888 


689S 


1. 2. 3. 0- 8 


39 
40 


6911 


6923 


6933 


5914 


6966 


6966 


5977 


5988 


5999 


6010 


1- 2. 3. 4. 6 


6021 


6031 


6043 


8053 


6061 


6075 


6085 


6096 


6107 


6117 


1-2-3.4.8 


41 


6128 


6138 


6149 


8160 


6170 


6180 


eiBl 


6301 


6313 


6332 


1. 2- 3- 4- B 


43 


6232 


6213 


6253 


6363 


8274 


8284 


6294 


6304 6314 


633 B 


l.H. 3- 4.0 


43 


6335 


634B 


6356 


8365 


6375 


8385 


6395 


6406 


8415 


e43B 


1. 2. 3. 4. 


44 
43 


6435 


6444 


6454 


6464 


6474 


8484 


6193 


6603 


6513 


6532 


1. 2. 3. 4. B 


6532 


6542 


6551 


6661 


6571 


6580 


6590 


8599 


6609 


6618 


1. 2. 3. 4. B 


4S 


6628 


6637 


6646 


6656 


6665 


8675 


6684 


6693 


6703 


6712 


1. 2. 3. 4. B 


47 


6721 


6730 


6739 


6749 


8768 


6767 


6776 


6785 


6794 


6803 




48 


esi2 


6831 


6830 


6839 


6848 


6857 


8868 


6376 


6884 


6893 




49 
SO 


6903 


6911 


B920 


6938 


6937 


6946 


6965 


6964 


6973 


6981 


1. 2. 3. 4. 4 


6990 


8^98 


7007 


7016 


7034 


7033 


7042 


7050 


70B8 


7067 


1. 2-3-3-4 


61 


7078 


7084 7093 


7101 


7110 


7118 


7136 


7135 


7143 


7153 




G2 


7160 7168 


7177 


7185 


7193 


7202 


7310 


7218 


7326 


7235 


1. 2 2. 3- 4 


63 


7243 


7261 


7259 


7287 


7276 


7284 


7292 


7300 


7308 


7316 


]- 2. 2- 3.' 4 


1 64 


73B4 


7333 


7340 7348 


7356 


7364 7372 


7380 


7388 


7396 


1. 2. 2. 3. 4 



Tftbles of Ftot, J. M. P«Ltoe, p 



iliLtl b; McBBrs. Qiun K 



tMatliemsllcal 



TABLES. 

Iif^arithina. 



7M4 7412 7119 7137 7435 

7483 7490 7497 7506 7513 

766B 7686 7571 7582 75BB 

7634 7642 7649 7657 7664 

7709 7716 7723 7731 7738 



77B2 7789 7796 7803 7810 

7853 7860 7868 7875 7882 

7924 7931 7938 7945 7862 

7993 8000 8007 8011 8021 

8062 3069 3075 8082 B039 



8129 8136 8142 8149 8166 
8196 3202 8209 8216 8232 
8361 3267 8274 8280 8287 
8326 8331 8338 8314 8351 
8388 83S5 8401 8407 8414 



7143 7461 7459 7466 7471 
7630 7528 7536 7513 7661 
7597 ■7604 7612 7619 7837 
7672 7679 7686 7694 7701 
7746 7762 7760 7767 7774 



7818 7835 7832 7838 7816 

7889 7896 7903 7910 7917 

7966 7973 7980 7987 

3028 3036 8041 8048 8056 

8102 8109 8116 8122 



8163 8169 8176 8132 8139 
3338 823B 8241 8248 3354 
3 8299 8306 8312 8319 
8367 8363 8370 8376 8383 
8130 8436 8433 8439 8446 



8451 8457 8163 8470 8476 

8513 8519 8536 8531 3637 

8673 3679 8686 8691 3597 

8633 8639 8646 8661 8667 

8692 8698 8701 3710 8716 



8482 8488 8194 8500 8506 
8649 8666 8661 8687 
8603 8609 8615 8621 8627 
8663 3669 3676 3681 8686 
8722 8737 8733 B739 8745 



8751 8766 8762 8768 8774 

8808 8814 8830 8836 8831 

8866 8371 8876 8883 3887 

8931 8927 8932 8938 8943 

8976 8982 8987 8993 8998 



8779 8786 8791 8797 8803 
8842 8848 8854 8869 
8899 8904 8910 8916 
8954 8960 3965 3971 
900B 9015 9020 9025 



9031 9036 9042 9047 9053 

9086 9090 0096 9101 9106 

9138 9143 9149 9164 9169 

9191 9196 9301 9206 9313 

9343 9248 9263 9263 9263 



9058 9063 9069 9074 9079 
9117 9133 9128 9133 
9170 9176 9180 9186 

9217 9233 9237 9332 9238 
9274 9279 9234 9289 



9291 9299 9301 9309 9316 

9345 0360 9365 9360 9366 

9395 9400 9406 9110 9115 

9445 9460 9465 9460 9165 

9494 9199 9501 9509 9513 



9320 9326 9330 8335 8310 

9370 8375 9380 9385 9390 

9430 9426 9430 9435 9440 

9174 9479 9484 8139 

9523 9628 9533 9538 



9642 9647 9562 9567 9562 
9590 9596 9600 9606 9609 
9838 9613 9617 9652 9667 
9685 9689 9691 9699 9703 
9731 9736 9711 9715 9750 



9566 9571 9576 9581 9586 
111 9619 9624 9628 9633 
161 9666 9671 9676 9680 

9708 9713 9717 9723 9727 
■54 9759 9763 9768 9773 



9777 9782 9733 9791 9795 

9823 9327 9833 9836 9811 

9868 9872 9877 9881 9886 

9912 9917 9931 0936 9930 

9966 9961 9965 9969 9974 



9800 9806 9809 9814 

9815 9850 9854 9BS9 9863 

9890 9891 9899 9903 9908 

9934 9939 9943 9948 0952 

9978 9983 9987 9991 9996 



log "=0.49715-. 



LogaritImi& 



N 
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3 
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0000 


0004 


0009 


0013 


0017 


0022 


0026 
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0035 


0039 


0043 
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0048 


0052 


0056 


0060 
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0069 


0073 


0077 


0082 


0086 


102 


0086 
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0095 


0099 


0103 


0107 


0111 


0116 


0120 


0124 


0128 


103 


0128 


0133 


0137 


0141 


0145 


0140 


0154 


0158 


0162 


0166 


0170 


104 
103 


0170 


0175 


0179 


0183 


0187 


0191 


0196 


0199 


0204 


0203 


0219 


0213 


0218 


0220 


0224 


0228 


0233 


0337 


0241 


0245 


0249 


0353 


108 


02 B3 


0267 


0361 


0265 


0369 


0273 


0278 


0282 


0286 


0300 


0394 


107 


0294 


0298 


0303 


0306 


0310 


0314 


0318 


0323 


0326 


0330 


0334 


lOS 


0334 


0338 


0342 


0346 


0360 


0354 0358 


0362 




0370 


0374 


109 
IIO 


0374 


0378 


0382 


0386 


0390 


0394 0398 


0402 


0406 


O410 


0414 


0414 


0418 


0422 


0426 


0430 


0434 0438 


0441 


0445 


0449 


0453 


111 


0463 


0467 


0461 


0465 


0469 


0473 


0477 


0481 


0484 0488 


0402 


112 


0492 


0496 


0500 


0504 


0508 


0512 


0615 


0519 


0523 


0637 


0631 


113 


0B31 


0535 


0538 


0542 


0546 


0560 


0554 


0558 


0591 


0665 


0569 


lU 

Its 


0569 


0573 


0577 


0580 


0584 


0588 


0592 


0596 


0566 


0603 


0607 


0607 


0611 


0615 


0618 


0622 


0626 


0630 


0633 0637 


0641 


0645 


116 


0645 


0648 


0652 


0656 


0660 


0663 


0667 


0871 


0674 0678 


0683 


117 


0682 


0686 


0689 


0693 


0697 


0700 


0704 


0708 


0711 


0716 


0719 


118 


0718 


0722 


0726 


0730 


0734 


0737 


0741 


0745 


0748 


0752 


0755 


119 
ISO 


0755 


0769 


0763 


0766 


0770 


0774 


0777 


0781 


0785 


0788 


0793 


07B2 


0796 


0799 


0803 


0806 


0810 


0813 


0817 


0821 


0824 


0838 


121 


0828 


0831 


0835 


0839 


0842 


0846 


0849 


0853 


0856 


0860 


0864 


ISS 


0S64 


0867 


0371 


0874 


0878 


0881 


0886 


0883 


0892 


0896 


0899 


123 


0899 


0903 


0906 


0910 


0913 


0917 


0920 


0924 


0927 


0931 


0934 


134 
199 


0934 


OB38 


0941 


0946 


0948 


0952 


0956 


0959 


0962 


0986 


0969 


0969 


0973 


0976 


0930 


0983 


09S6 


0990 


0993 


0997 


1000 


1004 


126 


1004 


1007 


1011 


1014 


1017 


1021 


1024 


1028 


1031 


1035 


1038 


127 


1038 


1041 


1046 


1048 


1052 


1066 


1059 


1062 


1065 


1069 


1073 


133 


1072 


1075 


1079 


1082 


1086 


1089 


1092 


1096 


1099 


1103 


1106 


126 
130 


1106 1109 


1113 


1116 


1119 


1123 


1126 


1129 






1139 


1139 


1143 


1148 


1149 


1163 


1156 


1159 


1163 


1166 


~UM 


1173 


131 


1173 


1176 


1179 


1133 


1186 


1189 


1193 


1196 


1199 


1203 


1206 


132 


1206 


1209 


1212 


1216 


1219 


1222 


1225 


1229 


1232 


1235 


1339 


133 


1339 


1242 


1345 


1248 


1253 


1255 


1258 


1261 


1265 


1268 


1371 


134 
133 


1271 


1274 


1278 


1281 


1384 


1287 


12B0 


1294 


1297 


1300 


1303 


1303 


1307 


1310 


1313 


1313 


1319 


1323 


1326 


1329 


1332 


1335 


136 


133B 


1339 


1342 


1345 


1348 


1361 


1366 


1368 


1361 


1364 


1367 


137 


1367 


1370 


1374 


1377 


1380 


1383 


1386 


1389 


1392 




1399 


138 


1399 


1402 


1406 


1408 


1411 


1414 


1418 


1421 


1424 1427 


1430 


139 
140 


1430 1433 


1436 


1440 


1443 


1446 


1449 


1463 


1466 


1468 


1461 


1461 


1464 


1467 


1471 


1474 


1477 


1430 


1483 


1486 


1489 


1492 


141 


1492 


1495 


1498 


1501 


1504 


1508 


1511 


1514 


1517 


1520 


1623 


142 


1523 


1626 


1529 


15?3 


1535 


1538 


1641 


1544 


1647 


1650 


1B53 


113 


1653 


1566 


1559 


1562 


1566 


1569 


1672 


1675 


1578 


1581 


1584 


144 
145 


1684 1537 


1590 


1593 


1696 


1599 


1602 


1605 


1608 


1611 


1614 


1614 1617 


1620 


1623 


1626 


1629 


1632 


1635 


1638 


1641 


1644 


146 


1644 


1647 


1549 


1662 


1655 


1668 


1661 


1664 


1667 


1670 


1673 


147 


1673 


1676 


1679 


1883 


1685 


1688 


1691 


1694 


1697 


1700 


1703 


148 


1703 


1708 1708 


1711 


1714 


1717 


1720 


1723 


1726 


1729 


1733 


149 


1733 


1735 


1738 


1741 


1744 


1746 


1749 


1752 


1755 


1768 


1761 


















Dm 




LtO 


-»■ 



TABLEIS. 
Logarithms. 



N 





1 


2 


3 


4 5 


6 


7 


8 


9 10 




ISO 


1761 


1764 


1767 


1770 


1772 


1776 


1778 


1781 


1784 


1787 


1790 




151 


1790 


1793 


1796 


1798 


1801 


1804 


1B07 


1810 


1813 


1816 


1818 




152 


1818 


1821 


1824 


1827 


1830 


1833 


1836 


1838 


1841 


1844 


1847 




153 


1847 


1350 


1853 


1856 


1858 


1861 


1864 


1867 


1870 


1872 


1875 




154 
155 


1875 


1878 


1881 


1884 


1886 


1889^ 


1892 


1895 


1898 


1901 


1903 




1H03 


1906 


1809 


1912 


1915 


1917 


1920 


1933 


1926 


1928 


1931 




158 


1931 


1934 1937 


1940 


1943 


1945 


1948 


1951 


19G3 


1956 


1959 




167 


1959 


1983 


1965 


1967 


1970 


1973 


1978 


1978 


1981 


1984 


1987 




158 


1987 




1992 


1996 


1998 


2000 


2003 


3006 


2009 


2011 


3014 




169 
■60 


2014 


2017 


2019 


3022 


3025 


2028 


2030 


2033 


3038 


2038 


2041 




2041 


2044 


2047 


2049 


3052 


2065 


3067 


3060 


3063 


2066 


3068 




161 


2068 


3071 


2074 


2076 


2079 


2082 


2084 


2087 


3090 3093 


3095 




183 


2095 


2098 


2101 


3103 


2106 


2109 


2111 


2114 


2117 


3119 


3122 




183 


2122 


2125 


2127 


2130 


3133 


3136 


2138 


2140 


8143 


2146 


2148 




164 
IfiS 


2148 


3151 


2154 


3156 


2169 


3162 


2164 3167 


2170 


2172 


3176 




2175 


2177 


2180 


2183 


2185 


3188 


3191 


3193 


2196 


2198 


3301 




IBB 


2201 


2204 


2206 


2209 


2212 


3314 


3217 


2319 


3223 


2326 


3237 




187 


2227 


2230 


3233 


2335 


2238 


3240 


2243 


2245 


3348 


2251 


3363 




188 


2253 


2256 


2358 


2361 


2363 


3266 


3269 


2271 


3374 2276 


2279 




lea 
iro 


2279 


3281 


22B4 


2287 


2289 


2292 


2294 


2297 


2399 


2303 


2304 




2304 


2307 


2310 


3313 


2315 


2317 


3330 


3333 


3336 


3327 


2330 




171 


2330 


3333 


2335 




2340 


2343 


3345 


2348 


3360 


2353 


2356 




172 


2355 


2358 


3360 


2363 


2365 


2368 


2370 


2373 


2375 


2378 


2380 




173 




2383 


3385 


2388 


2390 


3393 


2395 


3398 


2400 


2403 


3406 




174 

irs 


2405 


2408 


3410 


2413 


3415 


3418 


2430 


2423 


2426 


2438 


3430 




S430 


2433 


2435 


2438 


3440 


2443 


2445 


3448 


2450 


2453 


345S 




178 


2455 


2458 


3460 


2463 


2465 


2467 


2470 


2472 


2475 


8477 


2480 




177 


2480 


2482 


3485 


2487 


2490 


2493 


2494 


2497 


2499 


2603 


3504 




17B 


3504 


2507 


2509 


2512 


2514 


2516 


2519 


2521 


2624 


3526 


2539 




179 
ISO 


2529 


2531 


2533 


2636 


3538 


2541 


2543 


3545 


3548 


2650 


3563 




2553 


2566 


2G6S 


3060 


3563 


2565 


2567 


2670 


2672 


3574 


2577 




181 


2577 


2579 


2583 


2684 


2586 


2589 


2691 


2694 3586 


3698 


3601 




183 


2601 


3603 


2605 


2608 


2610 


3813 


2616 


2617 


3630 


2622 


3636 




183 


3626 


2637 


2629 


2632 


3634 


2636 


2639 


2641 


3643 


2646 


2848 




184 
ISS 


3648 


2651 


3653 


3665 


2668 


3660 


3662 


3665 


3667 


2669 


3672 




2872 


3674 


2678 


2679 


2681 


3683 


2688 


2888 


2690 


3693 


3695 




186 


2696 


26B7 


2700 


2702 


3704 


3707 


2709 


2711 


2714 


2718 


2718 




187 


2718 


3731 


3733 


2725 


2728 


3730 


2732 


3735 


3737 




3742 




188 


2742 


2744 


2746 


2749 


3761 


3753 


2755 


2768 


2760 


2762 


3766 




189 
■OO 


2765 


2767 


2769 


2772 


2774 


2776 


2778 


3781 


3783 


2785 


2788 




2788 


2790 


2792 


2794 


2797 


2799 


2801 


2804 


2806 


2808 


3810 




191 


2810 


2813 


3815 


2817 


2819 


2323 


3824 


2826 


2828 


2831 


3833 




192 


3833 


2836 


2838 


2840 


2842 


3844 


3847 


2849 


2851 


3853 


2856 




193 


2856 


2858 


3860 


2862 


2865 


2867 


2869 


2871 


3874 


3876 


3878 




194 
I»5 


2878 


3880 


2882 


2885 


2887 


2889 


2891 


2894 


3896 


2898 


2900 




2900 


2903 


3905 


3907 


2909 


2911 


2914 


3918 


2918 


2920 


3923 




1S8 


2923 


2925 


2927 


2929 


2931 


2B34 


3936 


2938 


2940 


2943 


2946 




197 


2945 


2947 


2949 


2951 


3963 


2956 


2958 


2960 


3962 


3964 


2967 




, 198 


2967 


2969 


3971 


2973 


3976 


3978 


2980 


2982 


2984 


2986 


2989 




[.i^J 


3989 


2991 


3993 


2995 


3997 


2999 


3002 


3004 


3006 


3008 


3010 


1 



TABLES. 
Trigonometric Functions. 



....... 


..a„KS. 


.,«„. 


co.,«^. 


...o..r. 


COT*«C=«TS. 










Nm. Log. 


Nat, Log. 


Nal, Log. 


N«. Log, 






0.0000 


O'OO' 


.0000 00 


1,0000 0.0000 


,0000 oo 




90=00' 


1,5708 


0.0039 


10 


.0029 7.4637 


1,0000 ,0000 


,0029 7,4637 


343,77 2,5363 


50 


1.5679 


00058 


20 


.0058 .7648 


1.0000 .0000 


.0058 .7648 


171.89 .2352 


40 


1.S6S0 


0.0087 


30 


.0087 .9408 


1,0000 ,0000 


,0087 ,9409 


11+,S9 .0591 


30 


1.5621 


0-0116 


40 


.0116 8.0658 


,9999 ,0000 


,0116 8,0658 


85,940 1,9342 


20 


1.5592 


0,0145 


SO 


.0145 .1627 


.9999 .0000 


.0145 .1627 


68,750 ,8173 


10 


1,5563 


0-0175 


roo- 


.0175 8,2419 


,9998 9.9999 


.0175 8,2+19 


57.290 1.7581 


89° 00- 


1.5533 


0.020+ 


10 


.02(W .3088 


,9998 ,9999 


,020+ 3089 


49.10+ .6911 


50 


1.5504 


0-0233 


20 


,0233 ,3668 


,9997 .9999 


.0233 3669 


42,964 ,6331 


40 


1.5475 


0-0262 


30 


,0262 .4179 


,9997 ,9999 


.0262 .4181 


38,188 ,5819 


30 


I.S446 


0.0291 


40 


.0291 .4637 


,9996 .9998 


.0291 .4638 


34.368 .5362 


20 


1.5417 


0-0320 


50 


.0320 .5050 


,9995 .9998 


.0320 .5053 


31.242 ,4947 


10 


1,5388 


0-0349 


2°00- 


,0349 8.5428 


,9994 9.9997 


.0349 8,5431 


28,636 1,4569 


88° 00- 


1.S359 


0.0378 


10 


,0378 .5776 


,9993 ,9997 


.0378 .5779 


26432 .4221 


SO 


1.S330 


0,0407 


20 


.0407 .6097 


,9992 ,99% 


.0407 .6101 


24.542 ,3899 


40 


1.5301 


0-0436 


30 


,0436 .6397 


,9990 ,9996 


.0437 .6HI1 


22.904 ,3599 


30 


1.S272 


0.0465 


40 


.M6S ,6677 


,9989 ,9995 


.0466 .6682 


21-470 .3318 


20 


1.S243 


0-0495 


50 


,0494 .6940 


.9988 ,9995 


.0495 .6945 


20.206 ,3055 


10 


1,5213 


0-0524 


3-00' 


,0523 8.7188 


.9986 9,9994 


,0524 8,7194 


19,081 1.2806 


87° 00- 


1.5184 


0-0SS3 


10 


,0552 ,7423 


,9985 ,9993 


,0553 .7+29 


18075 ,2571 


SO 


1,5155 


0-0582 


20 


.0581 .7645 


.9983 ,9993 


.0582 .7652 


17.169 .2348 


+0 


1.5126 


0.0611 


30 


,0610 .7857 


,9981 ,9992 


,0612 .7865 


16.350 .2135 


30 


1.S097 


0.0640 


40 


.0640 .8059 


,9980 ,9991 


.0641 .8067 


15,605 .1933 


20 


1.5068 


0,0669 


50 


.0669 .8251 


,9978 .9990 


,0670 ,8261 


14.924 ,1739 


10 


1.5039 


0.0698 


4=00- 


.0698 8.8436 


.9976 9.99S9 


,0699 8,8446 


14.301 1,1554 


86° 00- 


1,5010 


0.0727 


10 


,0727 .8613 


.9974 ,9989 


,0729 .8624 


13.727 .1376 


SO 


1.4981 


0-0756 


20 


,0756 .8783 


,9971 .9988 


.0758 ,8795 


13.197 .1205 


40 


1,4952 


0.0785 


30 


,0785 ,8946 


,9%9 .9987 


.0787 .8960 


12.706 .10+0 


30 


1.4923 


0-0814 


40 


,0814 .9104 


,9967 ,9986 


.0816 .9118 


12.251 .0382 


20 


1.4893 


0,08H 


50 


,0843 .9256 


,9964 .9985 


.0846 .9272 


11.826 .0728 


10 


1.4864 


0.0873 


s-oo- 


,IB72 8.9103 


,9%2 9:9983 


.0875 89420 


11,430 1,0580 


85=00- 


1.4835 


0.0902 


10 


,0901 .9545 


,9959 ,9982 


,0904 .9563 


11,059 .0437 


SO 


1.4S06 


0.0931 


20 


,0929 ,9682 


,9957 ,9981 


.0934 .9701 


10,712 .0299 


40 


1.4777 


0.0960 


30 


,0958 .9816 


,9954 ,9980 


.0963 .9836 


10.385 .0164 


30 


1,4748 


0.0989 


40 


,0987 .9945 


.9951 ,9979 


.0992 ,9966 


10,078 .0034 


20 


1.4719 


0,1018 


50 


.1016 9,0070 


,9948 .9977 


,1022 9-0093 


9.7882 0.9907 


10 


1.+690 


0.1047 


e-cxy- 


-1045 9,0192 


,9945 9.9976 


,1051 9-0216 


9.5144 0.9784 


84' 00- 


1,4661 


0.1076 


10 


-107+ .0311 


.9942 ,9975 


.1080 ,0336 


9,2553 .9664 


SO 


1.+632 


0.1105 


20 


.1103 .0426 


,9939 .9973 


,1110 .0453 


9.0098 .9547 


40 


1.+603 


0.1134 


30 


.1132 .0539 


,9936 .9972 


.1139 -0567 


8-7769 .9433 


30 


1,4574 


0.1164 


40 


.1161 .0648 


,9932 .9971 


.1169 .0678 


8.5555 ,9322 


20 


1.+5+4 


0.1193 


50 


.U90 .0755 


,9929 .9969 


.1198 .0786 


8.3450 .9214 


10 


1.4515 


0,1222 


7=00' 


.1219 9,0859 


,9925 9.996S 


.1228 9,0891 


8.1443 0.9109 


83° Off 


1.4486 


0.1251 


10 


.1248 -0961 


,9922 ,9966 


.1257 ,0995 


7.9530 .9005 


SO 


1.4457 


0.1280 


20 


-1276 .1060 


,9918 ,9964 


.1287 .1096 


7,770+ ,8904 


40 


1,4428 


0,1309 


30 


.1305 .1157 


,9914 ,9963 


.1317 .1194 


7,5958 ,8806 


30 


1.4399 


0.1338 


40 


.1334 .1252 


,9911 ,9961 


.1346 .1291 


7,4287 .8709 


20 


1,4370 


0.1367 


SO 


.1363 .1345 


,9907 .9959 


.1376 .1385 


7,2687 ,8615 


10 


1.4341 


0.1396 


s^oo- 


.1392 9.1436 


,9903 9,9958 


.1405 9,1478 


7,1154 0,a522 


82-00' 


1.4312 


0.1425 


10 


.1421 .1525 


,9899 ,9956 


.1435 .1569 


6,9682 .8431 


SO 


1.4283 


0.1454 


20 


.1449 .1612 


.9894 ,9954 


.1465 .1658 


6,8269 .8342 


40 


1.4254 


0.1484 


30 


.1478 .1697 


.9890 .9952 


.1495 .1745 


66912 ,8255 


30 


1.4224 


0.1S13 


40 


.1507 .1781 


.9886 ,9950 


.1524 .1831 


6.5606 ■ ,81W 


20 


1.4195 


0.1542 


SO 


.1536 .1863 


.9881 .9948 


.1554 .1915 


6,4348 ,8085 


10 


1.4166 


0.1571 


9° 00' 


.1,564 9.1943 


.9877 9.9946 


.158+ 9,1997 


63138 0.8003 


81° 00- 


1.4137 






Nat. Log. 


Nal. Log. 


Nat. 1^. 


Nal. Log. 










™..«^ 


.,«.., 


..,r.„CE^T^ 


TA.«««. 


"""■^■"■"^''^ 



TABLES. 
Trigonometric Functions. 



....... 


tz;: 


s,™. 


^,.^. 


T*«oe™. 


COT.«.K««. 






0.1571 


9° 00' 


N«. Log, 
.1564 9.1943 


Nat, Lob- 
.9877 9.9946 


^584 9.^7 


63138 0.8^ 


81" 00' 


1.4137 


0.1600 


10 


.1593 .2022 


.9872 .9944 


.1614 .2078 


6.1970 .7922 


50 


1.4108 


0.1629 


20 


.1622 .2100 


.9368. .9942 


.1644 .2158 


6.0844 .7842 


40 


1.4079 


0.1658 


30 


.1650 .2176 


.9863 .9940 


.1673 .2236 


5.9758 .7764 


30 


1.4050 


0.1687 


40 


.1679 ,2251 


.9858 .9938 


.1703 .2313 


5.8708 .7687 


20 


1.4021 


0.1716 


50 


.1708 .2324 


.9853 .9936 


.1733 .2389 


5.7694 .7611 


10 


1.3992 


0,1745 


10° 00- 


.1736 9,2397 


.9848 9,9934 


.1763 9.2463 


5.6713 0,7537 


80-00- 


1.3963 


0.1774 


10 


-1765 ,2468 


.9843 .9931 


.1793 .2536 


5.5764 .7464 


50 


1.3934 


0.1804 


20 


.1794 .2538 


.9838 .9929 


.1823 .2609 


5.4845 .7391 


40 


1.3904 


0.1833 


30 


.1822 ,2606 


.9833 .9927 


.1853 .2680 


5.3955 .7320 


30 


1.3875 


0.1862 


40 


,1351 ,2674 


.9827 .9924 


.1833 2750 


5.3093 .7250 




1.3846 


0,!891 


SO 


,1880 .2740 


.9822 .9922 


,1914 .2819 


5.2257 .7181 


10 


1.3817 


0.1920 


11° 00- 


.1908 9,2806 


,9816 9,9919 


.1944 9.2887 


5,1446 0,7113 


79-00' 


13788 


0.1949 


10 


-1937 ,2370 


.9811 .9917 


.1974 .2953 


5.0658 .7047 


50 


1.37.59 


0.1978 


20 


,1965 ,2934 


.9805 .9914 


.2004 3020 


4.9894 .6980 


40 


1.3730 


0.2007 


30 


,1994 .2997 


.9799 .9912 


.2035 .3085 


4,9152 .6915 


30 


1.3701 


0.2036 


40 


-2022 ,3058 


.9793 .9909 


.2065 .3149 


4,8430 .6851 


20 


1.3672 


0.2065 


SO 


-2051 3119 


.9787 ,9907 


.2095 3212 


4.7729 .6788 


10 


1.3643 


0.2O94 


12=00' 


-2079 9,3179 


.9781 9,9904 


.2126 9.3375 


4,7046 0,6725 


78-00' 


13614 


0.2123 


10 


,2108 .3238 


,9775 ,9901 


.2156 .3336 


4.6382 .6664 


50 


1.3.584 


0.2153 


20 


,2136 .3296 


.9769 .9899 


.2186 .3397 


4.5736 .6603 


40 


1.3555 


0.2182 


30 


,2164 .3353 


.9763 .9896 


.2217 .3458 


4,5107 .6542 


30 


1,3526 


0,2211 


40 


,2193 .3410 


.9757 .9893 


.2247 .3517 


4.4494 .6483 


20 


1.3497 


0.2240 


SO 


.2221 .3466 


.9750 .9890 


.2278 .3576 


4.3897 .6424 


10 


1.3468 


0,2269 


13-00' 


.2250 9,3521 


.9744 9.9887 


.2309 9.3634 


4.3315 0,6366 


77-00' 


1.3439 


0,2298 


10 


.2278 .3575 


.9737 .9884 


.2339 .3691 


4.2747 .6309 


SO 


1.3410 


0.2327 


20 


.2306 J629 


.9730 .9881 


.2370 .3748 


4.2193 ,6252 


40 


1.3381 


0.23S6 


30 


.2334 ,3682 


.9724 .9878 


.2401 .3804 


4.1653 .6196 


30 


13352 


0,2385 


40 


,2363 ,3734 


.9717 .9875 


.2432 .3859 


4.1126 .6141 


20 


13323 


0.2414 


50 


.2391 ,3786 


.9710 .9872 


.2462 .3914 


4.0611 .6086 


10 


13294 


0.2443 


14-00- 


.2419 9.3837 


.9703 9.9869 


.2493 9.3968 


4.0108 0.6ai2 


76*00' 


1.3265 


0.2473 


10 


,2447 J887 


.9696 .9866 


.2524 .4021 


3.9617 .5979 


SO 


1.3235 


0.2502 


20 


.2476 3937 


.9689 .9863 


.2555 .4074 


3.9136 .5926 


40 


1.3206 


0,2531 


30 


,2504 3986 


.9681 .9859 


.2586 .4127 


3.8667 .5873 


30 


13177 


0,2560 


40 


,2532 .4035 


.9674 .9856 


.2617 .4173 


3.8208 .5822 


20 


13148 


0.2589 


50 


.2560 ,4083 


.9667 ,9853 


.2648 .4230 


3,7760 .5770 


10 


13119 


0.2618 


15° 00- 


,2588 9,4130 


.9659 9.9849 


.2679 9.4281 


3.7321 0.5719 


75-00- 


1.3090 


0-2647 


10 


,2616 .4177 


.9652 .9846 


.2711 .4331 


3.6891 .5669 


SO 


1.3061 


0.2676 


20 


.2644 .4223 


.9644 .9843 


.2742 .4381 


3.6470 .5619 


40 


1.3032 


0.2705 


30 


.2672 .4269 


.9636 ,9839 


.2773 .4430 


3.6059 J570 


30 


1.3003 


0,2734 


40 


.2700 .4314 


.9628 .9836 


.2805 .4479 


3.5656 .5521 


20 


1.2974 


0,2763 


50 


.2728 .4359 


.9621 .9832 


.2836 .4527 


3.5261 .5473 


10 


1.2945 


0,2793 


16" 00' 


.2756 9,4403 


.9613 9.9828 


.2867 9.4575 


3.4874 0.5425 


74=00' 


1.2915 


0,2322 


10 


.2784 .4447 


.9605 .9825 


.2899 .4622 


3.4495 .5378 


SO 


1.2SS6 


0,2851 


20 


.2812 .4491 


.9596 .9821 


.2931 .4669 


3.4124 .5331 


40 


1.2857 


0,2880 


30 


.2840 .4533 


.9588 .9817 


.2%2 .4716 


3.3759 .5284 


30 


1.2828 


0,2909 


40 


.2868 .4576 


.9580 .9814 


.2994 .4762 


3.3402 .5238 


20 


1.2799 


0,2938 


50 


.2896 .4618 


.9572 .9810 


.3026 .4808 


3.3052 .5192 


10 


1.2770 


0,2%7 


17" 00- 


.2924 9.4659 


.9563 9.9806 


.3057 9.4853 


3.2709 0.5147 


73-00' 


1.2741 


0,2996 


10 


.2952 .4700 


.9555 .9802 


.3089 .4898 


3.2371 .5102 


50 


1.2712 


0,3025 


20 


.2979 .4741 


.9546 .9798 


.3121 .4943 


3.2M1 .5057 


40 


1.2683 


0,3054 


30 


.3007 .4781 


.9537 .9794 


,3153 .4987 


3.1716 .5013 


30 


1.2654 


0,3083 


40 


,3035 .4821 


.9528 .9790 


3185 .5031 


3.1397 .4969 


20 


1.2625 


0,3113 


50 


.3062 .4861 


.9520 .9786 


.3217 .5075 


3.1084 .4925 


10 


1.2S95 


0,3142 


18° 00' 


.3090 9.4900 

N«. Log. 


.9511 9.9782 
Nal. Log. 


.3249 9.5118 
Nat. Log. 


3.0777 0.4882 

Nat. Log. 


72-00- 


1.2566 






co.,.^. 


S.NBS. 


COTA«..«T.. 


TA^™™. 


UkU, 


^u**-. 



TABLES. 
Trigonometric Functiont. 



....... 


PKC™. 


..«KS. 


».,.«. 


T*«<=B«T. j C0T*«O.»T., 






0,3142 


18" OO' 


Nil. Log. 
.3090 9,4900 


Nat, Log, 
.9511 9,9782 


J249 9.51^8 


3.0777 0.W82 


72° 00' 


1,2566 


0.3171 


10 


,3118 .4939 


,9502 .9778 


.3231 .5161 


3.0475 .4839 


50 


1.2537 


0.3200 


20 


.3145 .4977 


.9492 .9774 


.3314 ■ .5203 


3.0178 .4797 


40 


1.2508 


0.3229 


30 


.3173 .S015 


.9483 .9770 


.3346 ,5245 


2.9887 .4755 


30 


1.2479 


0.32S8 


40 


.3201 .S0S2 


.9474 .9765 


.3378 .5287 


2.9600 .4713 


20 


1.2450 


0.3287 


50 


,3228 ,5090 


.9465 .9761 


.3411 .5329 


2.9319 ,4671 


10 


1.2421 


0.3316 


19=00' 


.3256 9.5126 


,9455 9,9757 


.3443 9.5370 


2.9042 0,4630 


71° OO' 


1,2392 


0.334.^ 


10 


J283 .5163 


,9446 ,9752 


.3476 .5411 


2,3770 ,4589 


50 


1.2363 


03374 


20 


.3311 .5199 


,9436 .9748 


,3\08 .5451 


2,3502 .4549 


40 


1.2334 


0.3403 


30 


,3338 ,5235 


,9426 .9743 


,3541 ,5491 


2.8239 .4509 


30 


1.2305 


0.3432 


40 


,3365 .5270 


.9417 .9739 


,3574 ,5531 


2.7980 .4469 


20 


1.2275 


0.3462 


50 


,3393 .5306 


,9407 .9734 


,3607 ,5571 


2.7725 .4429 


10 


1.2246 


0,3491 


20° 00' 


.3420 9.5341 


.9397 9,9730 


,3640 9,5611 


2.7475 0.4389 


70° 00- 


1.2217 


0.3520 


10 


,3448 ,5375 


.9387 ,9725 


.3673 .5650 


2.7228 .4350 


50 


1.2188 


0.3S49 


20 


-3475 .5409 


.9377 .9721 


.3706 .5689 


2.6985 .4311 


40 


1.2159 


03578 


30 


.3502 .5443 


.9367 ,9716 


.3739 ,5727 


2.6746 .4273 


30 


1.2130 


0.3607 


40 


,3529 .5477 


,9356 .9711 


.3772 .5766 


2.6511 .4234 


20 


1.210X 


0.3636 


50 


,3557 .5510 


.9346 .9706 


.3305 .5804 


2.6279 .4196 


10 


1,2072 


0.3665 


21=00' 


,3584 9.5543 


.9336 9,9702 


.3839 9.5842 


2.6051 0.4158 


69° OO' 


1,2043 


0.3694 


10 


,3611 .5576 


.932S ,9697 


.3872 .5879 


2.5826 .4121 


50 


1.2014- 


0.3723 


20 


,3638 .5609 


.9315 ,9692 


.3906 .5917 


2.5605 .4083 


40 


1.198.S 


0.3752 


30 


,3665 .5641 


.9304 ,9687 


.3939 .5954 


2.5386 .4046 


30 


1.1956 


0.3782 


40 


,3692 ,5673 


,9293 ,9682 


.3973 .5991 


2.5172 .4009 


20 


1,1926 


0.3811 


50 


,3719 J704 


.9283 ,9677 


.4006 .6028 


2.4960 ,3972 


10 


1.1897 


0.3840 


22' OO' 


,3746 9.5736 


,9272 9.9672 


,4040 9,6064 


2,4751 0.3936 


68° 00" 


1.1868 


0.3869 


10 


.3773 ,5767 


,9261 ,9667 


.4074 .6100 


2.4545 .3900 


50 


1.1839 


0.3898 


20 


,3800 ,5798 


,9250 .9661 


.4108 .6136 


2.4342 .3864 


40 


1.1810 


0.3927 


30 


,3827, .5828 


.9239 .9656 


.4142 ,6172 


2.4142 .3828 


30 


1.1781 


0.39S6 


40 


,3854 ,5859 


.9228 .9651 


.4176 ,6208' 2,3945 .3792 


20 


1.1752 


0.3935 


50 


,3881 .5839 


.9216 .9646 


.4210 .6243 2.3750 .3757 


10 


1.1723 


0.4014 


23=00' 


,3907 9.5919 


.9205 9.9640 


,4245 9.6279 


2.3559 0,3721 


67° OC 


1.1694 


0.4043 


10 


,3934 ,5948 


.9194 .9635 


.4279 .6314 


2 3369 .3686 


50 


1.1665 


0.4072 


20 


,3961 ,5973 


,9182 ,9629 


.4314 ,6348 


23183 .3652 


40 


1.1636 


0.4102 


30 


,3987 .6007 


,9171 ,9624 


.4348 .6383 


2.2998 .3617 


30 


1.1606 


0.4131 


40 


,4014 .6036 


.9159 ,9618 


.4383 .6417 


2 2817 .3583 


20 


1.1577 


0.4160 


SO 


,4041 .6065 


,9147 .9613 


.4417 .6452 


2,2637 .3548 


10 


1.1548 


04189 


24" 00' 


.4067 9.6093 


,9135 9,9607 


.4452 9.6486 


2 2460 0.3514 


66=00' 


1.1519 


04213 


10 


.4094 .6121 


.9124 .9602 


.4487 .6520 


2,2286 .3430 


50 


1.1490 


04247 


20 


.4120 ,6149 


.9112 .9596 


.4522 .6553 


2,2113 J447 


40 


1.1461 


04276 


30 


.4147 ,6177 


.9100 .9590 


.4557 .6587 


2,1943 .3413 


30 


1.1432 


O4305 


40 


.4173 ,6205 


.9088 ,9584 


.4592 .6620 


2.1775 ,3380 


20 


1.1403 


0.4334 


SO 


,4100 .6232 


,9075 ,9579 


.4628 .6654 


2.1609 .3346 


10 


1.1374 


-0.435T 


-25=^ 


:?226 9.6259 


,9063 99573 


.4663 9.6687 


2,1445 03313 


65=00' 


1.1345 


0.4392 


10 


.4253 .6286 


,9051 .9567 


.4699 .6720 


2.1283 J280 


50 


1.1316 


0.4422 


20 


.4279 .6313 


,9038 ,9561 


.4734 .6752 


2.1123 .3248 


40 


1.1286 


0.4451 


30 


.4305 .6340 


.9026 ,955S 


.4770 .6785 


2.0965 .3215 


30 


1.1257 


04480 


40 


.4331 .6366 


.9013 .9549 


.4806 .6817 


2.0809 .3183 


20 


1.1228 


04509 


50 


.4358 .6392 


.9001 .9543 


.4841 .6850 


2.0655 3150 


10 


1,1199 


0.4538 


26" 00- 


A3U 9.6fl8 


.8988 9-9537 


.4877 9-6SS2 


2,0503 0,3113 


64° 00- 


1,1170 


0,4567 


10 


.4410 ,64M 


.8975 -9530 


.4913 .6914 


2.0353 ,3086 


SO 


1,1141 


0.4.S96 


20 


,4436 ,6470 


.8962 .9524 


,4950 ,6946 


2.0204 .3054 


40 


1.1112 


0.4625 


30 


.4462 ,6495 


.8949 .9518 


,4986 .6977 


2.0057 .3023 


30 


Moai 


046.S4 


40 


,4488 ,6521 


.8936 ,9512 


.5022 .7009 


1.9912 ,2991 


20 


1,1054 


0.4683 


SO 


-4514 .6546 


.3923 .9505 


.5059 .7040 


1,9768 .2960 


10 


1,1025 


0.4712 


27-00' 


,4540 9.6570 


.8910 9,9499 


.5095 9.7072 


1,9626 0,2928 


63=00- 


1,0996 






Nat. W- 


Nat. Log, 


Nai. I^, 


Nat. Log. 










„.,««s. 


S,.H.. 


COT....... 


.,..««x.. 




*.,*«. 



TABLES. 
Trigonometric Functions. 



.....«s 


.«.™, 


.s^. 


™.«^. 


■r,..««TS, 


COT.HO.™. 






0.(712 


27" 00' 


Nal. Log, 
.4540 9.6570 


.8910 9.9"4>9 


Nat, Log. 
.5095 9.7072 


l.%26 0.29*28 


63-00' 


1.09% 


0.4741 


10 


.4566 .6595 


.8897 .9492 


.5132 .7103 


1.9436 .2397 


50 


1-0966 


0.4771 


20 


.4592 .6620 


.8884 .9486 


.5169 .7134 


1.9347 .2866 


40 


1.0937 


0.4800 


30 


,4617 .6644 


,3870 .9479 


.5206 ,7165 


1.9210 .2835 


30 


1,0908 


0.4829 


40 


.4643 .6668 


.8857 .9473 


.5243 .7196 


1.9074 .2804 


20 


1-0879 


0.48S8 


SO 


.4669 .6692 


.3843 .9466 


.5280 .7226 


1.8940 .2774 


10 


1.0850 


0.4887 


28" 00" 


.4695 9.6716 


,8829 9.9459 


.5317 9.7257 


1.8807 0.2743 


62° 00- 


1.0821 


0,4916 


10 


.4720 .6740 


.8816 .9453 


.5354 .7287 


1.8676 2713 


SO 


1.0792 


0.494.? 


20 


.4746 .6763 


.8802 .9446 


.5392 .7317 


1.8546 .2683 


40 


1.0763 


0.4974 


30 


.4772 ,6787 


.8788 .9439 


.5430 .7348 


1.8418 .2652 


30 


1.0734 


0,5003 


40 


.4797 .6810 


.8774 .9432 


.5467 .7378 


1.8291 .2622 


20 


1.0705 


O.S032 


50 


.4823 .6833 


,8760 .9425 


.5505 .7403 


1.8165 .2592 


10 


1.0676 


0.5061 


29° 00- 


.4848 9.6856 


.8746 9.9418 


.5543 9.7438 


1.8040 0.2562 


61° 00- 


1.0647 


0.5091 


10 


.4874 .6878 


.8732 ,9411 


.5581 .7467 


1.7917 .2533 


50 


IXKl? 


0.5120 


20 


.4899 .6901 


.8718 .9404 


.5619 .7497 


1.7796 .2503 


40 


1.0588 


0.5149 


30 


.4924 .6923 


.8704 ,9397 


.5658 .7526 


1.7675 .2474 


30 


1.0559 


0-5178 


40 


.4950 .6946 


.8689 .9390 


.56% .7556 


1.7556 .2444 




1.0530 


05207 


50 


.4975 .6968 


.8675 .9383 


.5735 .7585 


1.7437 ,2415 


10 


1.0501 


0.5236 


30" 00' 


.5000 9.6990 


.3660 9.9375 


.5774 9.7614 


1,7321 0.2386 


60° 00- 


1.0472 


0.SZ65 


10 


.5025 .7012 


.8646 .9368 


.5812 .7644 


1.7205 .2356 


SO 


1.0443 


O.S294 


20 


.5050 .7033 


.8631 .9361 


.5851 .7673 


1.7090 ,2327 


40 


1.CH14 


0.5323 


30 


.5075 .7055 


.8616 .9353 


.5890 .7701 


1.6977 .2299 


30 


1.0335 


033S2 


40 


.5100 .7076 


.8601 .9346 


.5930 .7730 


1.6864 ,2270 


20 


1.0356 


05381 


50 


,5125 .7097 


.8587 .9338 


.5%9 .7759 


1,6753 .2241 


10 


1.0327 


05411 


31-00' 


.5150 9.7118 


.8572 9.9331 


.6009 9.7788 


1.6W3 O.Z212 


59° 00- 


1,0297 


0.5440 


10 


.S17S ,7139 


.8557 .9323 


.6048 .7816 


1.6S34 .2184 


50 


1.0268 


05469 


20 


.5200 .7160 


.8542 .9315 


.6038 .7345 


1.6426 .2155 


40 


1.0239 


0.5498 


30 


.5225 .7181 


.8526 .9.308 


,6128 .7873 


1.6319 .2127 


30 


1,0210 


05527 


40 


.5250 .7201 


,8511 ,9300 


.6168 .7902 


1.6212 2098 




1.0181 


0.5556 


50 


.5275 .7222 


.8496 .9292 


.6203 .7930 


1.6107 .2070 


10 


1.0152 


0.SS8.S 


32-00' 


.5299 9.7242 


.8480 9.9284 


.6249 9.7958 


1,6003 02042 


58-00' 


1.0123 


0,5614 


10 


.5324 .7262 


.8465 .9276 


.6289 .7986 


1.5900 .2014 


50 


1.0094 


0.S643 


20 


.5348 .7282 


.8450 .9268 


.6330 .8014 


1.5798 .1986 


40 


1.0065 


0.5672 


30 


.5373 .7302 


.8434 .9260 


.6371 .8042 


1.5697 .1958 


30 


1.0036 


0.5701 


40 


.5398 .7322 


.8418 .9252 


,6412 .8070 


1.5597 .1930 


20 


1.0007 


0.5730 


50 


,5422 .7342 


.8403 .9244 


.6453 .8097 


1.5497 .1903 


10 


0.9977 


0.5760 


33=00- 


.5446 9.7361 


.8387 9.9236 


.6494 9.8125 


l.,5399 0.1875 


57° 00- 


0.9948 


0,5789 


10 


.5471 .7380 


.8371 .9228 


.6536 .8153 


1.5301 .1847 


50 


0.9919 


0.5S18 


20 


.5495 .7400 


.8355 .9219 


.6577 .8180 


1.5204 .1820 


40 


0.9890 


0,.i847 


30 


.5519 .7419 


.8339 .9211 


.6619 .8208 


1.5108 .1792 


30 


0.9861 


0..';S76 


. 40 


.5544 .7438 


,8323 .9203 


.6661 ,8235 


1.5013 .1765 


20 


0.9832 


0.5905 


50 


,5568 .7457 


.8307 ,9194 


.6703 .8263 


1.4919 .1737 


10 


0.9803 


0.5934 


34° 00' 


.5592 9,7476 


.8290 9.9186 


.6745 9.8290 


1.4826 0.1710 


56-00' 


0.9774 


0-5963 


10 


.5616 .7494 


.8274 .9177 


.6787 .3317 


1.4733 .1683 


50 


0.9745 


0.5992 


20 


.5640 .7513 


.8258 .9169 


.6830 .8344 


1.4641 .1656 


40 


0,9716 


0-6021 


30 


.5664 .7531 


.8241 .9160 


.6873 .3371 


1.4550 .1629 


30 


0.9687 


06050 


40 


.5688 .7550 


.8225 .9151 


.6916 .8398 


1.4460 .1602 


20 


0.9657 


O60S0 


SO 


.5712 .7568 


.3203 .9142 


.6959 .8425 


1,4370 .1575 


10 


0.9623 


0.6109 


35-00' 


,5736 9,7586 


,8192 9,9134 


.7002 9.8452 


1.4281 0.1548 


55=00' 


0.9599 


0.6138 


10 


.5760 .7604 


.8175 .9125 


.7016 .8479 


1.4193 .1521 


50 


0.9570 


06167 


20 


.5783 .7622 


.8158 .9116 


.7039 .8506 


1,4106 .1494 


40 


0.9541 


061% 


30 


.5807 .7640 


.8141 .9107 


.7133 .8533 


1.4019 .1467 


30 


0.9S12 


0.6225 


40 


.5831 .7657 


.3124 .9098 


.7177 .8559 


1.3934 .1441 


20 


0.9483 


0.6254 


50 


,5854 7675 


.8107 .9089 


,7221 .8586 


1.3848 .1414 


10 


0.9454 


0,6283 


36-00' 


.5878 9-7692 


.8090 9.9080 


.7265 9.8613 


1.3764 0.1387 


54° 00- 


0.9425 






Nit, Log- 


Nat. Log. 


Nat. Log. 


Nat. Log. 










™""^ 


S,»l«. 


"""''■"'"■ 


T.NOENT,, 


«0-EBS, 


""'*■ 



TABLES. 
Trigonomelrie Functions. 



».■>,.«= 


.....,« 


..... 


COS..S. 


^„..™. 


COX.K..«^. 






0,6283 


36° OC 


.5878 9.7^2 


Nil. Log, 
.8090 9.9OTO 


.7M5 9Mi3 


Nal. Lm. 

1.3764 0.1387 


54-00' 


0.9425 


0.6312 


10 


.5901 .7710 


.8073 .9070 


.7310 .8639 


1.3680 .1361 


50 


0.9396 


OAMl 


20 


.5925 .7727 


.8056 .9061 


.7355 .8666 


1,3597 .1334 


40 


0.9367 


0.6370 


30 


.5948 .7744 


.8039 .9052 


.7400 .8692 


1.3514 .1308 


30 


0.9338 


0,6400 


40 


.5972 .7761 


.8021 .9042 


.7445 .8718 


1,3432 .1282 


20 


0.9308 


0.6429 


SO 


.5995 .7778 


.8004 .9033 


.7490 .8745 


U351 .1255 


10 


0.9279 


0.6458 


37-00' 


.6018 9.7795 


.7986 9.9023 


.7536 9.8771 


1.3270 01229 


53° 00- 


0.9250 


0-6487 


10 


.6041 .7811 


.7969 .9014 


.7581 .8797 


1.3190 .1203 


50 


0.9221 


0.6516 


20 


.6065 .7828 


.7951 ,90(M 


.7627 .8824 


1.3U1 .1176 


40 


0.9192 


0.6S4S 


30 


.6088 .7844 


.7934 .8995 


.7673 .8850 


1.3032 .1150 


30 


0.9163 


0.6574 


40 


.6111 .7861 


.7916 ,8985 


.7720 5876 


1.2954 .1124 


20 


0.9134 


0.6603 


SO 


.6134 .7877 


.7898 .8975 


.7766 .8902 


1.2876 .1098 


10 


0.9105 


0.6632 


38"0&- 


.6157 9.7893 


,7880 98965 


.7813 9.8928 


1.2799 0.1O72 


52-00' 


O.9076 


0.6661 


10 


.6180 .7910 


.7862 .8955 


.7860 .8954 


1.2723 .1046 


50 


0.9047 


0.6690 


20 


.6202 .7926 


.7844 .8945 


.7907 .8980 


1,2647 .1020 


40 


0.9018 


0.6720 


30 


.6225 .7941 


.7826 .8935 


.7954 .9006 


1.2572 .0994 


30 


0.8988 


0.6749 


40 


.6248 .7957 


.7808 ,8925 


.8002 .9032 


1.2497 .0968 


20 


0.8959 


0.6778 


50 


.6271 .7973 


.7790 .8915 


.8050 .9058 


1,2423 .0942 


10 


0.8930 


0.6807 


39- 00- 


.6293 9.7989 


.7771 9.8905 


.8098 9.9084 


1.2349 0.0916 


51° 00- 


0.8901 


0,6836 


10 


.6316 .8004 


.7753 .8895 


.8146 .9110 


1.2276 .0890 


SO 


0.8872 


0.686S 


20 


,6338 .8020 


.7735 .8884 


.8195 ,9135 


1,2203 .0865 


40 


0.8843 


0,6394 


30 


.6361 .8035 


.7716 .8874 


3243 .9161 


1.2131 JJ839 


30 


0.8814 


0.6923 


40 


.6383 .8050 


.7698 .8864 


£292 .9187 


1.2059 .0813 


20 


0.8785 


0.69S2 


50 


.6406 .8066 


.7679 .8853 


.8342 .9212 


1.19SS .0788 


10 


0.8756 


0.6981 


40" 00- 


.6428 9.8081 


.7660 9.8843 


.8391 9.9238 


1.1918 0.0762 


50° OO' 


0.8727 


0.7010 


10 


.6450 .8096 


.7642 .8832 


.8441 .9264 


1.1847 .0736 


50 


0.8698 


0.7019 


20 


.6472 .8111 


.7623 .8821 


.8491 .9289 


1.1778 .0711 


40 


0-8668 


0,7059 


30 


-6494 ,8125 


.7604 .8810 


.8541 .9315 


1.1708 .0685 


30 


0.8639 


0.7098 


40 


.6S.T7 .8140 


.7585 .8800 


.8591 .9341 


1.1640 .0659 


20 


0,8610 


0.7127 


50 


.6539 .8155 


.7566 .8789 


.8642 .9366 


1.1571 ,0634 


10 


0.8581 


0.7156 


41-00' 


.6561 9,8169 


.7547 9.8778 


.8693 9.9392 


1.1504 0.0608 


49° OO' 


0.8552 


0.7185 


10 


.6583 .8184 


.7528 .8767 


.8744 .9417 


1.1436 .0533 


50 


0.8523 


0.7214 


20 


.6604 .8198 


.7509 .8756 


.8796 .9443 


1.J369 .0557 


40 


0.8494 


0.7243 


30 


.6626 .8213 


.7490 .8745 


.8847 .9468 


1.1303 .0532 


30 


0.8465 


0.7272 


40 


.6648 .8227 


.7470 .8733 


.8899 .9494 


1.1237 .0506 


20 


0.S436 


0.7301 


50 


.6670 .8241 


.7451 .8722 


.8952 .9519 


1.1171 .0481 


10 


0.8407 


0.7330 


42-00' 


.6691 9.8255 


.7431 9.8711 


.9004 9.9544 


1.1106 0.0456 


48° 00' 


0.8378 


0.7359 


10 


.6713 .8269 


.7412 .8699 


.9057 .9570 


1.1041 .0430 


SO 


0.8348 


0.7389 


20 


.6734 .8283 .7392 .8688 


.9110 .9595 


1.0977 .0405 


40 


0.8319 


0,7418 


30 


.6756 £297 .7373 .8676 


.9163 .9621 


1.0913 0379 


30 


0.8290 


0.7447 


40 


.6777 .8311 


.7353 .8665 


.9217 .9646 


1.0850 .0354 


20 


0.8261 


0.7476 


SO 


.6799 .3324 


-7333 .8653 


.9271 .9671 


1.0786 .0329 


10 


0.8232 


0.7505 


43° 00' 


.6820 9.8338 


.7314 9,8641 


.9325 9.9697 


1.0724 0.0303 


47-00' 


0.8203 


0.7S34 


10 


.6841 .8351 


.7294 .8629 


,9380 .9722 


1.0661 .0278 


50 


OS] 74 


0.7S63 


20 


.6862 .8365 


.7274 .8618 


.9435 .9747 


1.0599 .0253 


40 


0.8145 


0.7592 


30 


.6884 .8378 


.7254 .8606 


.9490 .9772 


1.0538 .0228 


30 


0.8116 


0.7621 


40 


.6905 .8391 


.7234 .8594 


.9545 .9798 


1.0477 .0202 


20 


0.8087 


0.7650 


50 


.6926 .8405 


.7214 


8582 


.9601 .9823 


1.0416 .0177 


10 


0.8058 


0,7679 


44° 00- 


.6947 9.8418 


.7193 9 


8569 


.9657 9.9348 


1.0355 0.0152 


46° 00- 


0SO29 


0.7709 


10 


.6967 .8431 


.7173 


8557 


.9713 .9874 


1.0295 .0126 


50 


0.7999 


0.7738 


20 


.6988 .8444 


.7153 


8545 


.9770 .9899 


1.0235 .0101 


40 


0.7970 


0.7767 


30 


.7009 .8457 


,7133 


8S32 


.9827 .9924 


1.0176 .0076 


30 


0.7941 


0.77% 


40 


.7030 .3469 


.7112 


8520 


.9884 .9949 


1.0117 .0051 


20 


0.7912 


0.7825 


50 


.7050 .8482 


.7092 


8507 


.9942 .9975 


1.0058 .0025 


10 


0.7883 


0.78S4 


45° 00" 


.7071 9.S49S 


.7071 9 


8495 


1.0000 0.0000 


1.0000 0.0000 


45-00' 


0.7854 
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